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ABSTRACT
Asteroseismology of 𝛿 Sct stars has strong potential for determining the ages of young stars through individual mode fitting. We
present a neural-network emulator trained on approximately 46 million rotating pulsation models. From stellar mass, metallicity,
age, and equatorial rotation velocity, it predicts 12 classical observables, two asteroseismic scalars, and the p mode, f mode
and low-order g mode frequencies for degrees ℓ = 0–3, including the individual 𝑚 components of rotationally split multiplets.
We couple the emulator to nested sampling through a multivariate likelihood that propagates correlated emulator residuals,
making full Bayesian posterior exploration practical. Applied to five 𝛿 Sct stars in the Pleiades observed by TESS, the framework
gives mutually consistent individual asteroseismic ages of 107–117 Myr. Combining their age posteriors gives a cluster age of
113.3+4.5

−4.5 Myr (statistical), consistent with the 112 ± 5 Myr lithium-depletion-boundary age and the 110–160 Myr range from
rotating-isochrone fitting. Together with spectroscopic 𝑣 sin 𝑖, the inferred equatorial velocities also provide post-fit inclination
estimates. Separate perturbed-grid tests using 100 matched synthetic pairs per input-physics variation give median absolute age
shifts of 2.1, 2.3, and 5.2 Myr for |Δ 𝑓ov | = 0.005, |Δ𝛼MLT | = 0.1, and |Δ𝑌 | = 0.02, respectively; the corresponding 90th percentile
shifts are 6.5, 7.6, and 16.2 Myr. These tests describe conditional population sensitivities, not a systematic uncertainty on the
Pleiades age. Together, the cluster-age agreement and the scale of these input-physics sensitivities support 𝛿 Sct asteroseismology
as a complementary age estimation method for young stars.

Key words: asteroseismology – methods: data analysis – methods: statistical – stars: pulsations – stars: rotation – stars: variables:
𝛿 Scuti

1 INTRODUCTION

The pulsations of 𝛿 Sct stars offer a practical route to their ages.
They are primarily low-overtone p modes driven principally by the
𝜅-mechanism in the He ii ionisation zone (Pamyatnykh 1999; Aerts
et al. 2010), with envelope mixing and turbulent pressure also con-
tributing to the observed extent of the instability strip (Antoci et al.
2014, 2019). Their frequencies sample the interior sound-speed and
density structure, and therefore the evolutionary phase (Aerts 2015;
Kurtz 2022). The pulsation spectra of 𝛿 Sct stars are difficult to inter-
pret because only some modes are excited, an unpredictable subset
of which reaches detectable amplitude (Breger & Pamyatnykh 2002;
Smolec 2013), and rotation shifts the frequencies of the ones that do.
Bedding et al. (2020) showed that some young 𝛿 Sct stars nonetheless
exhibit ordered high-frequency pulsations in which radial and dipole
ridges can be identified in an échelle diagram. With modes identi-
fied, frequencies can be fitted to grids of pulsation models (Murphy
et al. 2022, 2023). For the best-constrained stars the resulting age
precisions are better than 10 per cent: Murphy et al. (2021) obtained
10.75 ± 0.77 Myr for HD 139614, and such ages have since been
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incorporated into the star formation histories of young associations
(Kerr et al. 2022).

The mass range occupied by 𝛿 Sct stars, roughly 1.5–2.3 M⊙ (Mur-
phy & Gautam 2026), is where other age methods provide relatively
weak constraints. Ages there rest almost entirely on isochrone place-
ment (David & Hillenbrand 2015). Isochrones lose sensitivity for
stars still close to the zero-age main-sequence (≲ a third of the
main-sequence lifetime; Soderblom 2010). Population synthesis of
intermediate-mass stars finds ages underestimated by a factor of two
or more near the zero-age main sequence, and overestimated by
31 per cent once a star is past a tenth of its main-sequence lifetime
(Murphy et al. 2026). Colour–magnitude isochrone fitting is most
sensitive near the main-sequence turn-off, where rotation inflates the
age spread inferred from non-rotating models (Lipatov et al. 2022).
Isochrone placement also leaves age degenerate with composition,
because isochrones of different ages and metallicities can occupy the
same point in the Hertzsprung–Russell diagram. Other methods such
as the lithium-depletion boundary and kinematic traceback instead
need low-mass members, so they work only for clusters and associa-
tions (Galindo-Guil et al. 2022; Miret-Roig et al. 2022; Žerjal et al.
2023). Assigning an intermediate-mass star the age of its cluster’s
low-mass members presumes coevality across mass rather than es-
tablishing it, and a young field star has no cluster age to inherit at all.
The gap in reliable ages for intermediate-mass stars matters because
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protoplanetary discs disperse faster above about 2 M⊙ (Ribas et al.
2015), and giant-planet occurrence peaks near the same mass before
falling away (Reffert et al. 2015; Wolthoff et al. 2022). A shorter
disc lifetime has been invoked to explain both trends, but testing that
explanation requires ages in this mass range.

Cluster asteroseismology has focused mostly on red giants (Basu
et al. 2011), while main-sequence A stars have received far less
attention. That is changing now that TESS covers most of the sky.
Individual 𝛿 Sct pulsators have been characterised in the Pleiades
(Murphy et al. 2022; Bedding et al. 2023), 𝛼 Per (Pamos Ortega et al.
2022), Praesepe (Pamos Ortega et al. 2023), the Cep–Her Complex
(Murphy et al. 2024) and NGC 3532 (Berry et al. 2025). In addition
to ages, near-core rotation rates have also been inferred from gravity-
mode pulsators in NGC 3532 and NGC 2516 (Li et al. 2026).

The Pleiades is a natural benchmark for age estimation methods
because it is already well studied, allowing a new determination to be
compared with existing ones. The lithium-depletion boundary gives
112 ± 5 Myr (Dahm 2015), revised downward from the 125 ± 8 Myr
of Stauffer et al. (1998) as the underlying models were updated. Ro-
tating mesa isochrones fitted to the colour–magnitude diagram span
roughly 110–160 Myr (Gossage et al. 2018). The two methods are
consistent, but the isochronal range is wide and the lithium-depletion-
boundary value has shifted by more than its quoted uncertainty. An
earlier asteroseismic study by Fox Machado et al. (2006) compared
the frequencies of six Pleiades 𝛿 Sct stars with rotating models at
ages of 70, 100 and 130 Myr. They inferred mode identifications dur-
ing fitting, with their frequency-fitting and mode-visibility criteria
favouring models aged 70–100 Myr.

More recently, Murphy et al. (2022) identified pulsation modes in
five Pleiades 𝛿 Sct stars using K2 photometry, and TESS has since
detected 𝛿 Sct pulsations in 36 members (Bedding et al. 2023). The
cluster therefore offers both an external age to compare against and
enough characterised pulsators to select those whose échelle dia-
grams support secure mode identifications. We revisit its asteroseis-
mic age with five such stars in Section 4.

Three bottlenecks stand between a 𝛿 Sct pulsation spectrum and
an age estimate. The first is the cost of computing the models them-
selves. Each requires an evolutionary track followed by a pulsation
calculation at each timestep. With rotation included, the latter takes
seconds to minutes, and a complete track with stellar evolution and
pulsation calculations can take dozens of CPU hours depending on
the required precision. Our approach pays this cost once by construct-
ing a precomputed grid on which an emulator can be trained. Such
grids have grown by more than two orders of magnitude in the past
few years, from the 2 × 105 models of Murphy et al. (2023) to the
2.5 × 107 of Gautam et al. (2026), hereafter Paper I.

The second bottleneck is inference from that grid. Bayesian infer-
ence requires comparing predicted and observed frequencies across
parameter space, and a sampler requires 104–106 evaluations per star
at arbitrary parameter values rather than at grid points. Recomputing
tracks during sampling is infeasible (Scutt et al. 2023). One solution
is to interpolate within the stored grid, but both the cost and the error
of interpolation grow with the number of sampled dimensions (Scutt
et al. 2026). The penalty is heavier for a grid of rotating models,
because rotation adds a sampled dimension and rotational splitting
multiplies the number of frequencies that must be predicted at each
grid point. Achievable precision is then set partly by the grid spacing
and not only by the observational uncertainties. Moreover, until the
interpolation error is well controlled it cannot be separated from the
systematic uncertainty of the adopted input physics.

Machine learning offers a different route, and it is not new to as-
teroseismic inference. Random forests have been trained on global

seismic quantities (Bellinger et al. 2016), and neural networks have
been used to classify pulsation spectra (Hon et al. 2018). Neural
networks have also been explored for estimating the masses, metal-
licities, and ages of 𝛿 Sct stars using seismic scalars such as the
large frequency separation Δ𝜈 and the asymptotic phase offset 𝜀, or
individual mode frequencies (Panda et al. 2024). As forward emula-
tors, neural networks make it practical to include additional physics
such as variable mixing (Lyttle et al. 2021) or rotation (Mombarg
et al. 2021), and to predict individual frequencies rather than sum-
mary statistics. Scutt et al. (2023) applied this approach to 𝛿 Sct stars
by training a network on non-rotating models and sampling from it
to obtain posteriors that reflect the random uncertainties, and Scutt
et al. (2026) have since done the same for individual frequencies of
solar-like oscillators.

The evaluation cost of a neural-network emulator is nearly in-
dependent of the number of inputs. Its accuracy still depends on
grid spacing: for grids of solar-type main-sequence models in mass
and age, Gluck et al. (2026) find that neural networks are more
accurate than linear interpolation but lose accuracy as the grid be-
comes sparser. The emulator’s residuals can, however, be measured
on held-out models and propagated into the likelihood. Measuring
the emulator error in that way keeps it separate from the systematic
uncertainty of the adopted input physics, which an uncontrolled in-
terpolation error would otherwise be confounded with. We revisit the
uncertainty associated with the adopted input physics in Paper III of
this series.

The third bottleneck is identifying modes in rotating stars, usually
done by labelling peaks on the échelle diagrams of the TESS spectra.
Rotation is substantial in most 𝛿 Sct stars: single and chemically nor-
mal A-type stars show a deficit of slow rotators in the intermediate and
late A subtypes (Royer et al. 2007) where 𝛿 Sct stars are found (Mur-
phy et al. 2019). Mode identification has long been a major obstacle
to interpreting the pulsation spectra of rapidly rotating stars (Reese
et al. 2017). Rotation lifts the degeneracy in azimuthal order 𝑚, so
each mode with degree ℓ ≥ 1 appears as 2ℓ + 1 frequencies. Which
components are visible depends on the stellar inclination. A pole-on
view suppresses every 𝑚 ≠ 0 component, while an equator-on view
suppresses those with ℓ + 𝑚 odd parity, which are antisymmetric
about the equatorial plane and cancel in the disc integration. In ei-
ther case the observed spectrum is sparser than the one the star in fact
possesses. Rotation also couples modes whose degrees differ by two
at fixed 𝑚, so that neighbouring multiplets overlap and a measured
frequency can admit more than one (𝑛, ℓ, 𝑚) label (Dziembowski &
Goode 1992). This near-degeneracy becomes important in evolved
𝛿 Sct models above rotational velocities of roughly 15–20 km s−1

(Suárez et al. 2007).
The present paper builds a neural-network emulator and inference

pipeline for rotating 𝛿 Sct pulsation models. As in Scutt et al. (2023),
the emulator replaces a grid of models with a continuous and rapidly
evaluable function. It returns 12 classical and structural quantities,
among them 𝑇eff and log 𝐿, the asteroseismic scalars Δ𝜈 and 𝜀, and
the modelled (𝑛, ℓ, 𝑚) frequencies of the p modes for ℓ = 0–3, the
f modes for ℓ = 2 and 3, and the g modes for ℓ = 1–3 of radial order
𝑛pg = −1 and −2 (Section 2.2). Training uses the storm (Vanlaer
et al. 2025; Vanlaer 2026) realisation of the Paper I grid, in which
the Coriolis force is treated directly rather than perturbatively and
centrifugal distortion is included to second order. We couple the
emulator to a nested sampler through a likelihood that carries its
residual errors, including inter-mode correlations, into the posterior
(Section 2.3).

The paper is organised as follows. Section 2 describes the pulsa-
tion grids, the neural-network emulator, and the Bayesian inference
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framework. Section 3 presents the emulator residual and synthetic
population coverage tests on the grid. Section 4 applies the framework
to 𝛿 Sct stars in the Pleiades and combines the per-star posteriors into
a cluster-level age. We summarise our findings and outline future
directions in Section 5.

2 METHODOLOGY

Our framework comprises three components: a precomputed grid of
stellar pulsation models, a neural-network emulator that learns to
interpolate the grid in continuous parameter space, and a Bayesian
inference layer that uses the emulator as the forward model when
comparing predictions to observed pulsation frequencies. We de-
scribe each in turn.

2.1 Pulsation model grids

The training data are built on the stellar evolution tracks of the
publicly available 𝛿 Sct pulsation grid presented in Paper I (Gautam
et al. 2026), with the pulsation frequencies recomputed as described
below. We summarise its essential properties here and refer the reader
to that paper for full details. The grid covers initial masses, 𝑀 , from
1.4 to 2.5 M⊙ (in steps of 0.02 M⊙), initial metal mass fractions, 𝑍 ,
from 0.001 to 0.026 (in steps of 0.001), and initial equatorial rotation
velocities, 𝑣eq,0, from 0 to 15 km s−1 (in steps of 1 km s−1)1. Stellar
evolution tracks were computed with mesa version r24.03.1 (Paxton
et al. 2011, 2013, 2015, 2018, 2019; Jermyn et al. 2023) from the early
pre-main-sequence (pre-MS), through the zero-age main sequence
(ZAMS), across the main sequence (MS) to the terminal-age main
sequence (TAMS), and through to the end of the post-main-sequence
(post-MS) contraction phase. Adiabatic linear pulsation frequencies
were computed with gyre (Townsend & Teitler 2013; Townsend et al.
2018) at each stored model along every track for degrees ℓ = 0–3,
including p modes for radial orders 𝑛 = 1–11, g modes for degree
ℓ = 1–3 of radial order 𝑛pg = −1 and −2, and f modes for ℓ = 2 and
3. The original gyre grid contains approximately 2.5 × 107 stellar
pulsation models.

Since gyre’s first-order treatment makes the rotational splitting
symmetric in 𝑚 by construction, we stored each mode compactly
in the original gyre grid. We saved the axisymmetric (𝑚 = 0) fre-
quency together with a single splitting column 𝛿𝜈𝑛ℓ ; the individual
components of a multiplet follow as 𝜈𝑛ℓ𝑚 = 𝜈𝑛ℓ0+𝑚 𝛿𝜈𝑛ℓ . For a more
accurate treatment of moderate-rotation effects, we have additionally
used the storm code (Vanlaer et al. 2025; Vanlaer 2026) to com-
pute the same modes for the same evolutionary tracks. storm solves
the 1D adiabatic pulsation equations with the Coriolis acceleration
included directly (rather than perturbatively) for each degree. The
centrifugal deformation of the equilibrium structure is then treated
perturbatively, using the Chandrasekhar–Milne expansion up to the
𝑃2 term, which retains the deformation to 𝑂 (Ω2), together with the
rotational coupling between degrees (Vanlaer et al. 2025; Mombarg
et al. 2025). The storm grid stores every computed (𝑛, ℓ, 𝑚) fre-
quency as it stands, so any asymmetry within a multiplet is retained,
and its labels match those used in our mode-identification tables.

The storm and gyre grids share the same evolutionary tracks;

1 These are pre-MS starting values rather than the rotation velocities the mod-
els reach. A star spins up as it contracts, so a 1.7 M⊙ , 𝑍 = 0.015 track begun
at 𝑣eq,0 = 10 km s−1 arrives at the ZAMS rotating at 𝑣eq = 142.6 km s−1

(Paper I).

what differs is the range of rotation rates over which models are
retained. Paper I restricted its published products to Ω/Ωcrit ≤ 0.3,
the domain in which a first-order treatment is reliable, whereas here
every sub-critical model along a track is kept and the rotation limit is
imposed only at inference. At fixed (𝑀, 𝑍, 𝑣eq,0) the storm dataset
therefore spans a wider range of Ω/Ωcrit, and it comprises approxi-
mately 7.1× 107 models, of which 4.6× 107 remain after the quality
cuts described below. Apart from the retained rotation range and the
pulsation treatment itself, the two grids share their input physics and
their treatment of rotation in the equilibrium models.

We prepared the storm grid in two stages. First, at the time of
grid building we discarded any track that reaches super-critical ro-
tation (Ω/Ωcrit > 1) at or before the TAMS (usually near or before
ZAMS during initial contraction), on the grounds that such a track
is unphysical. This removed 790 tracks, or 2.7 × 106 of 7.1 × 107

models. Second, we retained rows with 𝑇eff ≥ 6000 K, a finite central
hydrogen fraction, an age of at least 1 Myr, and an evolutionary phase
at or before the TAMS. This left 4.6 × 107 models.

Beyond the removal of super-critical tracks described above, we
impose no rotation cut on the training set, at either the track or the row
level. Discarding any track that exceeds a given Ω/Ωcrit anywhere
would remove the moderately rotating main-sequence models the
application needs. A star’s Ω/Ωcrit peaks during pre-MS contraction
and near the ZAMS, and declines through the remainder of the MS,
because the star expands and its surface angular velocity decreases
more steeply than its critical rate. The MS models at the rotation rates
of our targets therefore lie on tracks that exceed any such limit earlier
in their evolution. A row-level cut would keep those tracks but excise
segments from within them, leaving gaps in age along tracks that the
grid otherwise samples continuously, which the emulator would then
have to interpolate across. We therefore train on the full sub-critical
grid and impose the rotation limit only at inference (Section 2.3.2).

We adopt Ω/Ωcrit ≤ 0.5 as the inference domain. This is less
conservative than the Ω/Ωcrit ≲ 0.3 limit used for the first-order
gyre products in Paper I, because storm treats the Coriolis force
directly and includes the second-order centrifugal deformation in
the pulsation calculation, where gyre retains only the first-order
splitting. The only published test of storm against two-dimensional
ester structures (Rieutord et al. 2016) and top pulsation calculations
(Reese et al. 2021) used 𝛽Cephei models and reached Ω/Ωcrit,Kep =

0.2 (Mombarg et al. 2025). No equivalent benchmark exists across
the 𝛿 Sct domain.

The perturbative treatment of rotation sets an upper limit on where
our models can be trusted, and that limit is tighter for g modes than for
p modes. Ballot et al. (2010) find second-order perturbative methods
suited to low-order, low-degree g modes up to equatorial velocities
near 100 km s−1 in 𝛾 Dor models. The grid holds g modes only at
ℓ = 1–3 and 𝑛pg = −1 and −2, which is the low-order, low-degree
regime to which that bound applies.

2.2 Neural-network emulator

2.2.1 Problem definition

The emulator replaces the stellar-evolution and pulsation calculations
during inference with a deterministic regression function

ŷ = 𝑓w (𝜽), (1)

parameterised by the network weights w. Throughout this paper, a
hat marks an emulator prediction. The grid value it approximates, y,
carries no hat, and a measured value carries the subscript “obs”. The
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four-dimensional input vector is

𝜽 = (𝑀, 𝑍, 𝜏, 𝑣eq), (2)

where 𝑀 is the stellar mass, 𝑍 is the initial metal mass fraction, 𝜏
is the absolute stellar age in Myr, and 𝑣eq is the surface equatorial
rotation velocity at that age2. Using age directly keeps the sampling
coordinates physically interpretable and avoids the post-sampling
conversion required when an evolutionary coordinate such as the
central hydrogen abundance is used (cf. Dotter 2016; Mombarg et al.
2021). Central hydrogen also provides little age resolution in young
stars because it remains close to its initial value until core hydro-
gen burning is well established. The broad dynamic range in age is
handled by the input transformation described in Section 2.2.2.

The output vector contains 12 classical and structural stellar quan-
tities: effective temperature 𝑇eff , log 𝐿, log 𝑅, log 𝑔, mean density
𝜌̄, central hydrogen fraction 𝑋c, equatorial radius 𝑅eq, polar radius
𝑅pol, critical angular velocity Ωcrit, the surface-to-critical rotation
ratio Ω/Ωcrit, and the pp-chain and CNO-cycle luminosities. The
network also predicts the asteroseismic scalars Δ𝜈 and 𝜀, together
with 218 individual storm frequencies: 176 p modes, 12 f modes,
and 30 g modes. The complete output vector therefore contains 232
quantities per stellar model.

2.2.2 Preprocessing

We trained the emulator on the storm grid after the track removals,
label masking and row cuts described in Section 2.1. We used a deter-
ministic hybrid row-and-track split to divide the data into 80 per cent
training, 15 per cent validation, and 5 per cent testing. Approximately
1 per cent of all evolutionary tracks were assigned to testing and
3 per cent to validation, with all models along each selected track
retained together. Rows sampled from the remaining tracks con-
tribute nominally a further 4 per cent of the full dataset to testing and
12 per cent to validation.

The two held-out components test different aspects of the emula-
tor. Rows sampled from tracks represented during training test local
interpolation along an evolutionary track. Complete held-out tracks
instead test generalisation to grid tracks with unseen combinations
of mass, composition, and initial rotation.

The four inputs (𝑀 , 𝑍 , 𝑣eq, 𝜏) have different numerical ranges,
so we transformed and standardised each one before training. We
used a separate Yeo–Johnson transformation for each input (Yeo &
Johnson 2000), implemented with scikit-learn (Pedregosa et al.
2011). This reduces skewness and places the inputs on comparable
scales. Because the Yeo–Johnson transformation is defined at zero, it
also handles the 𝑣eq = 0 models without needing an arbitrary offset.

Each of the 176 p mode frequencies receives a separate Yeo–
Johnson transformation. Each of the 30 g mode frequencies is centred
on its median and divided by its interquartile range, and the same
scaling is applied separately to 𝜌̄, 𝑋c, andΩ/Ωcrit. This robust scaling
is particularly useful for 𝑋c, whose training-set distribution has a long
lower tail. The f modes, Δ𝜈, 𝜀, and remaining stellar outputs are each
centred on their mean and divided by their standard deviation. All
centring and scaling statistics are calculated from finite training-set
values.

Acoustic frequencies are often normalised by
√︁
𝐺𝑀/𝑅3, which is

proportional to
√
𝜌̄, to make them dimensionless and reduce their

variation along evolutionary tracks. We do not apply this scaling

2 𝑣eq is the value the model has reached at that age rather than the initial
value 𝑣eq,0 that labels the grid axis (Section 2.1)

before the transformations described above because inverting that
scaling multiplies by the network’s own predicted density, so an error
in a single output would propagate into every frequency. We trained
a variant with the scaling applied and found no improvement in
frequency accuracy. All transformations were fitted using the training
partition alone, so neither the validation nor test targets influence the
preprocessing.

2.2.3 Architecture

To predict the stellar properties and pulsation frequencies within a
single emulator, we use a residual multilayer perceptron with a shared
trunk and three specialised output heads. This branching design is
inspired by Pitchfork (Scutt et al. 2026), which uses shared layers to
learn information common to the classical and asteroseismic outputs
before separating into specialised branches. We adapt this principle
to the storm target set by using separate heads for the non-frequency
quantities, the p modes, and the combined g/f mode block. Whereas
Pitchfork represents its pulsation frequencies through principal
component analysis (PCA), a dimensionality reduction technique,
and reconstructs them from the PCA coefficients, our emulator pre-
dicts the complete 232-dimensional output vector directly. Figure 1
summarises the resulting architecture.

The shared trunk maps the four transformed stellar inputs to a
representation used by all three output heads. It contains five residual
blocks, of 1024, 768, 512, 384 and 384 neurons. Each of the five trunk
blocks multiplies its input by a learned weight matrix and adds a
learned bias, z = Wx+b. This is followed by a Gaussian Error Linear
Unit (GELU; Hendrycks & Gimpel 2016), which applies the smooth
nonlinear function 𝑥Φ(𝑥) to each neuron, where Φ is the standard
normal cumulative distribution function. Without such a nonlinearity,
a stack of affine transformations would collapse to a single affine
transformation, and the emulator could only represent quantities that
vary linearly with 𝑀 , 𝑍 , 𝜏 and 𝑣eq. The block input is then added to
the activated output through a residual connection. When a block’s
input and output contain different numbers of neurons, a learned
linear projection maps the residual to the required size.

Each of the three heads takes the 384-neuron output of the final
trunk block through one hidden layer of 256 neurons with a GELU
activation, followed by a linear output layer: 14 neurons for the non-
frequency quantities, 176 for the p modes, and 42 for the combined
g/f mode block. We apply no dropout, and instead rely on weight
decay and early stopping (Section 2.2.4). Counting the learned pro-
jections in the residual connections, the network has 3.27 million
trainable parameters.

2.2.4 Loss and optimisation

Training minimises a masked mean absolute error (MMAE) in trans-
formed output space. We calculate a separate loss for each output
head: non-frequency (c), p mode (𝑝), and combined g/f mode (𝑔 𝑓 ).
Within each minibatch, let Vℎ be the set of index pairs (𝑖, 𝑘) for
which model 𝑖 has a finite target value for output 𝑘 of head ℎ. The
loss for head ℎ is

Lℎ =
1

|Vℎ |
∑︁

(𝑖,𝑘 ) ∈Vℎ

���𝑦̃pred
𝑖,𝑘

− 𝑦̃𝑖,𝑘

��� , (3)

where tildes denote transformed outputs and |Vℎ | is the number of
finite target entries for head ℎ in the minibatch. We combine the three
head losses using a weighted mean:

Ltotal =
3Lc + 7L𝑝 + 5L𝑔 𝑓

3 + 7 + 5
. (4)
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4 inputs Shared residual trunk Heads 232 outputs

M
Z
τ

veq

Transformed

1024 768 512 384 384

5 residual blocks

Neurons per block

256
GELU

14 non-frequency quantities
Stellar properties, Δν, ε

256
GELU

176 p-mode frequencies

256
GELU

42 g/f-mode frequencies
30 g modes + 12 f modes

Linear output layers

Figure 1. Architecture of the residual multi-head emulator. Four transformed stellar inputs pass through five shared residual blocks; the numbers in the boxes
give their neuron counts. Each block includes an affine transformation, a GELU activation and a residual shortcut, with a learned projection when the input
and output dimensions differ. The final 384-neuron representation feeds three specialised heads, each with a 256-neuron GELU hidden layer and a linear output
layer. Together they predict 14 non-frequency quantities, 176 p mode frequencies and 42 g/f mode frequencies directly. The network has 3.27 million trainable
parameters.

Table 1. Training settings of the emulator.

Setting Value

Loss masked mean absolute error, Eq. (4)
Optimiser AdamW
Initial LR 5 × 10−4

LR reduction factor 0.7 after 5 epochs without improvement
Minimum LR 10−6

Weight decay 10−5

Minibatch size 4096 models
Maximum gradient norm 1.0
Precision 32-bit
Training time 72 h on one NVIDIA V100S GPU
Adopted weights epoch 942, validation loss 6.23 × 10−4

The weights emphasise the p mode spectrum, which holds most of
the constraining power at inference, while retaining substantial con-
tributions from the g/f mode and non-frequency heads. They were
chosen by hand from a set of emulators trained with different weights
rather than by a systematic search. We compute the mean within each
group before applying them to prevent the number of columns in a
group from determining its contribution by itself, which would oth-
erwise leave the 14 non-frequency outputs negligible beside the 176
p modes. The element-wise mask allows a stellar model with a miss-
ing pulsation mode frequency to contribute through every output that
is available. We minimise absolute rather than squared error so that
unusually large residuals do not dominate the training gradient. Un-
der squared error those cells would contribute in proportion to the
square of their size. Section 3.1 shows that the largest residuals are
concentrated in the final pre-main-sequence contraction, outside the
evolutionary window of the Pleiades stars.

We trained the network from scratch with AdamW (Loshchilov &
Hutter 2019), a gradient-descent optimiser that adapts the learning
rate (LR) of each weight individually, using the settings in Table 1.
AdamW also applies weight decay, which penalises large weights and
so discourages the network from fitting noise in the training set. We
updated the weights after each minibatch of training models rather
than after each complete pass through the training set (an epoch),
and reduced the learning rate whenever the validation loss stopped

improving. We also clip the global gradient norm at 1.0, which limits
how far a single minibatch can move the weights. Training stops once
the validation loss has not improved for 150 epochs, or after 5000
epochs, whichever comes first. Stopping on the validation loss rather
than the training loss guards against overfitting.

We retained the weights from the epoch of lowest validation loss,
which for this run was epoch 942, where Eq. (4) reached 6.23×10−4.
We use this trained emulator for all results that follow.

With the released code (see the Data Availability section), the
trained emulator returns all 232 outputs for one set of inputs in about
1.4 ms on one core of a laptop CPU (Apple M2 Pro). Most of this
time is a fixed cost per call. Predicting 104 models in one vectorised
call reduces the cost to about 14 𝜇s per model, so 106 predictions take
about 14 s. A complete fit of one star at the settings of Section 2.3.4
needs about 105 likelihood evaluations and takes 1.2–1.5 min on the
same core.

2.3 Bayesian inference framework

2.3.1 Forward model

At inference time, the trained emulator maps the four input parame-
ters to predicted observables. We apply the input transformation of
Section 2.2.2, run the network, and invert the output transformations
to return physical units. The priors of Section 2.3.2 remain inside the
training range of each input parameter.

We characterise the emulator’s residuals on the held-out test set
by a standard deviation for each output:

𝜎̂model,𝑘 =

√√√
1

𝑁test

𝑁test∑︁
𝑖=1

(
𝑑𝑖,𝑘 − 𝑑𝑘

)2
, (5)

where 𝑑𝑖,𝑘 = 𝑦̂𝑖,𝑘 − 𝑦𝑖,𝑘 is the prediction minus the grid-truth value
of output 𝑘 at test model 𝑖, and 𝑑𝑘 is its test-set mean. The vec-
tor 𝝈̂model sets the diagonal emulator-error scale in the likelihood
(Section 2.3.3).

2.3.2 Priors

We place broad, physically motivated priors on the four input parame-
ters (Fig. 2). For mass we use a uniform prior on [1.4, 2.5] M⊙ match-
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Figure 2. Priors used for the Pleiades inference. Mass, age and equatorial velocity have uniform priors over the displayed ranges. For metallicity, the red curve
shows the truncated Gaussian distribution of Soderblom et al. (2009) adopted for the Pleiades application; the black curve shows the uniform prior over the
emulator grid used in the sensitivity test of Appendix E. The age range shown is the Pleiades specific window.

ing the grid coverage. For the Pleiades application, we adopt a metal-
licity prior based on the spectroscopic measurement of Soderblom
et al. (2009): 𝑍 ∼ N(0.0152, 0.0019), truncated at the grid bound-
aries. For the equatorial rotation velocity we use a uniform prior
on [0, 200] km s−1, comfortably spanning the rotation velocities of
our slow- to moderately-rotating targets. For the age dimension we
place a uniform prior spanning a cluster appropriate window of
𝜏 ∈ [50, 200] Myr for the Pleiades targets. The separate Ω/Ωcrit
constraint is described below.

We enforce one hard constraint: any sample whose predicted ratio
Ω/Ωcrit exceeds 0.5 is rejected with lnL = −∞. Since no rotation
limit was applied to the training data (Section 2.1), this is where
the rotation limit enters. The constraint is implemented inside the
likelihood, so the sampler does not visit these regions of parameter
space. This constraint never triggers for the targets studied here be-
cause the posteriors of our Pleiades targets, and every target of the
population tests of Section 3.2, remain far below the threshold; the
largest Ω/Ωcrit ratio sampled for any of the five Pleiades stars is 0.23.

2.3.3 Likelihood

For each star we compare the emulator’s predicted frequencies 𝝂̂(𝜽)
and predicted effective temperature 𝑇eff (𝜽) to the corresponding ob-
servations through a multivariate Gaussian likelihood. Writing the
frequency residual vector as r(𝜽) = 𝝂obs − 𝝂̂(𝜽), the frequency term
is

lnL𝜈 (𝜽) = −1
2
[
r⊤C−1

𝜈 r + ln|C𝜈 | + 𝑛𝜈 ln(2𝜋)
]
, (6)

where C𝜈 is the 𝑛𝜈 × 𝑛𝜈 frequency covariance matrix defined below
and 𝑛𝜈 is the number of fitted modes. The first term is a 𝜒2 that ac-
counts for correlations between mode errors. Since C𝜈 is fixed during
each fit, we factorise it once as C𝜈 = LL⊤, with L lower triangular (a
Cholesky decomposition), avoiding explicit matrix inversion (Ras-
mussen & Williams 2006, Appendix A.4). Each likelihood evaluation
then uses only a single triangular solve, which is fast and numerically
stable. Effective temperature is the only classical observable included
and contributes a separate Gaussian term, so the total log-likelihood
is

lnL(𝜽) = lnL𝜈 (𝜽) + lnL𝑇eff (𝜽), (7)

with

lnL𝑇eff (𝜽) = −1
2

[ (
𝑇eff,obs − 𝑇eff (𝜽)

)2

𝜎2
𝑐

+ ln𝜎2
𝑐 + ln(2𝜋)

]
,

𝜎2
𝑐 = 𝜎2

𝑇eff,obs
+ 𝜎2

𝑇eff,emu
,

(8)

where 𝜎𝑇eff ,obs is the observational uncertainty and 𝜎𝑇eff ,emu the em-
ulator residual standard deviation for 𝑇eff , estimated over the prior in
the same way as Cemu below.

The matrix C𝜈 is the covariance of the frequency errors, not the
covariance of frequencies across the grid (which would encode as-
trophysical variation rather than error). We build it as the sum of two
physically distinct contributions,

C𝜈 = Cobs + Cemu, (9)

defined as follows.

Observational, Cobs. A diagonal matrix diag(𝜎2
obs,𝑖) of the per-

frequency uncertainties from the prewhitening. Each 𝜎obs,𝑖 is the for-
mal least-squares uncertainty of a coherent sinusoid in white noise
(Montgomery & O’Donoghue 1999), evaluated in the amplitude-
spectrum form of Kjeldsen & Bedding (2011) from the noise level
of the residual spectrum after the final prewhitening step, and is in-
versely proportional to the mode amplitude and the duration 𝑇 of the
light curve. These are lower limits, since correlated noise and unre-
solved neighbouring peaks are not accounted for, but for the fitted
modes they lie between 10−6 and 2×10−3 d−1 (Appendix A), at least
an order of magnitude below the emulator term, so Cobs adds less
than one per cent to any diagonal element of C𝜈 . We discuss the lim-
itation of not modelling correlations among observational frequency
errors introduced by prewhitening a single time series in Section 5.
Emulator, Cemu. We combine correlations estimated within the

prior region with error scales from the full test split. For the Pleiades
prior of Section 2.3.2, we select 1.5×104 of the 2.3×106 test models
and weight them by the prior density. With weights normalised so
that

∑
𝑖 𝑤𝑖 = 1, the effective sample size is (∑𝑖 𝑤

2
𝑖
)−1 = 4.1 × 103.

For selected test model 𝑖 and mode 𝑘 , the emulator residual is
𝑑𝑖𝑘 = 𝜈̂𝑘 (𝜽 𝑖) − 𝜈true,𝑘 (𝜽 𝑖), with weighted mean 𝑑𝜋,𝑘 =

∑
𝑖 𝑤𝑖𝑑𝑖𝑘 .

We estimate the raw covariance as

Craw, 𝑗𝑘 =

∑
𝑖 𝑤𝑖 (𝑑𝑖 𝑗 − 𝑑𝜋, 𝑗 ) (𝑑𝑖𝑘 − 𝑑𝜋,𝑘)

1 −∑
𝑖 𝑤

2
𝑖

, (10)

where the sums run over the selected test models. Each element has
units of d−2. The corresponding correlation matrix,

R𝜋, 𝑗𝑘 = Craw, 𝑗𝑘/
√︁

Craw, 𝑗 𝑗Craw,𝑘𝑘 , (11)
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Figure 3. Correlation between the emulator’s frequency residuals for pairs
of modes, conditioned on the Pleiades prior of Section 2.3.2. This is Cemu of
Eq. (12) as the Pleiades 𝛿 Sct fits used it, normalised by its diagonal. Each
row and each column is one predicted frequency, and the cell where they meet
is the correlation between the emulator’s error on those two modes. A positive
value means that when the emulator predicts one of the two modes too high
it tends to predict the other too high as well, a negative value that it tends to
predict the other too low, and zero that the error on one says nothing about
the error on the other. Modes are grouped into blocks of common family and
degree, which the axis labels name, and within each block the rows run in
radial order, so the individual orders are not labelled.

is combined with the full test-set standard deviations from Eq. (5) as
D = diag(𝜎̂model,𝑘). We then construct

Cemu = D
[
(1 − 𝛼)R𝜋 + 𝛼I

]
D + 𝜂numI, (12)

where I is the identity matrix. We fix 𝛼 = 0.1, shrinking the off-
diagonal correlations towards zero by 10 per cent. We also add 𝜂num =

10−8 × median𝑘 (𝜎̂ 2
model,𝑘) to each diagonal element to improve the

numerical stability of the Cholesky factorisation.
Figure 3 shows the resulting correlations. We compute Cemu once at
setup; it supplies the only off-diagonal terms in C𝜈 .

We omit luminosity from the likelihood because published esti-
mates often use temperature-dependent bolometric corrections and
may therefore be correlated with the adopted 𝑇eff constraint. More
generally, uncertain extinction in dusty regions and additional ex-
tinction or emission from circumstellar discs can make stellar lumi-
nosities difficult to determine reliably.

Each stellar posterior is conditional on a fixed table of observed
frequencies, uncertainties, and assigned (𝑛, ℓ, 𝑚) labels; Section 4.2
describes how these tables are constructed and assessed.

2.3.4 Sampler

We sample the posterior with the reactive nested sampling imple-
mentation UltraNest (Buchner 2021). Nested sampling explores
the prior volume in nested likelihood shells and can resolve multi-
modal posteriors. We start with 1000 live points, request an evidence
tolerance of dlogz= 0.1 and a minimum effective posterior sam-
ple size of 1000, and cap each run at 107 likelihood evaluations. The
sampler returns samples on (𝑀, 𝑍, 𝜏, 𝑣eq) and the log-evidence lnZ,
which we report as a sampling diagnostic. Appendix B distinguishes

the final logged error-budget estimates from the returned evidence un-
certainties and gives the achieved sample sizes and evaluation counts.
As a diagnostic of the frequency fit, we report 𝜒2

𝜈,freq = r⊤C−1
𝜈 r/𝑛𝜈 ,

normalised by the number of fitted modes and evaluated at the pos-
terior median.

3 VALIDATION: EMULATOR RESIDUALS AND
POPULATION COVERAGE TESTS

Before applying the framework to observations, we assess the emula-
tor’s prediction errors against held-out grid models (Section 3.1) and
test parameter recovery and credible-interval coverage with synthetic
targets (Section 3.2). These targets are generated either by the em-
ulator itself, to check the statistical implementation, or by held-out
grid models, to assess recovery in the presence of interpolation error.

3.1 Emulator residuals

We evaluated the trained network on every model in the held-out test
split and tabulated per-output residuals between the predicted and
grid truth values. The test split contains 𝑁test ≈ 2.3 × 106 models,
large enough to characterise residuals across the full input parameter
space. Figure 4 shows the signed residuals in physical units across
the Hertzsprung–Russell diagram, both for individual outputs and
for averages over relevant mode families.

The p modes and f modes have mean absolute errors (MAEs) of
4.1× 10−3 and 2.4× 10−3 d−1, respectively. These exceed the formal
frequency uncertainties of every fitted mode, typically by nearly two
orders of magnitude, so the emulator error dominates the frequency
term in the likelihood. The p mode residual grows monotonically
with radial order in absolute terms, from 2.7 × 10−3 d−1 at 𝑛 = 1
to 6.4 × 10−3 d−1 at 𝑛 = 11, but it grows more slowly than the
frequency itself, so the fractional error falls with radial order. The
mean fractional error over the p modes is 8.5 × 10−5.

The g modes are recovered at the same level, with a MAE of
2.9 × 10−3 d−1 over the 30 retained columns. As the heatmap shows
(Fig. 5), the per-degree means at 𝑛pg = −1 and −2 all lie between
2.6× 10−3 and 3.2× 10−3 d−1, with no strong dependence on degree
or radial order.

Classical-observable residuals are smaller than the observational
uncertainties adopted in this work. The mean absolute 𝑇eff residual
is 0.8 K, with a root-mean-square of 11.3 K; log 𝐿 and mean den-
sity have mean absolute residuals of 1.5 × 10−4 and 6.7 × 10−5,
respectively.

The models with large residuals form an identifiable population
rather than a scatter across the grid. Models aged 3–10 Myr contribute
over 99 per cent of the test-set mean-square p mode residual: the
per-model mean p mode residual has a root mean square of 7.1 ×
10−2 d−1 there, against 5–6 × 10−3 d−1 at ages of 10–100 Myr. The
most extreme cases are contracting models of ≳ 2.1 𝑀⊙ at ages
of 5.5–8 Myr, with central hydrogen still unburnt, moderately rapid
rotation, and compositions on the metal-rich side of the grid. The
emulation difficulty arises from the rapid structural evolution of that
phase rather than proximity to a grid edge. Excluding models younger
than 10 Myr leaves thin-tailed residuals for the classical observables
and p modes (root-mean-square 𝑇eff residual 0.7 K, per-model mean
p mode residual 7.2 × 10−3 d−1), and the remaining large residuals
are confined to the 𝑛pg = −1, f mode, and low-order ℓ = 1 columns
in a narrow band along the evolved main sequence. These are the
same mode families, in the same phase of evolution, in which the
recovery tests of Section 3.2 and Appendix C find the emulator error
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Figure 4. The emulator residuals across the Hertzsprung–Russell diagram for the approximately 2.3 × 106 models in the held-out test split. Each point is placed
at its grid-truth (𝑇eff , log 𝐿/𝐿⊙ ) and coloured by the signed residual Δ𝑦 = 𝑦NN − 𝑦grid in physical units. Panels (a)–(d) show the residuals in 𝑇eff , log 𝐿, mean
density, and log 𝑔; panels (e)–(g) show three representative individual p modes; and panels (h)–(l) show the per-model mean signed frequency residual over all
available radial p modes, all p modes, the 𝑛pg = −1, ℓ = 2 modes, the 𝑛pg = −1, ℓ = 3 modes, and the f modes, respectively. Each panel has an independent
symmetric colour scale clipped at the 99th percentile of |Δ𝑦 | so that the structure of the central residual distribution remains visible. Values outside the displayed
range are saturated.

concentrated by the avoided crossings between the low-order g, f,
and p modes. These are localised in the fraction of the initial central
hydrogen remaining at 𝑋c/𝑋0 ≈ 0.77–0.91.

The residuals also define the per-output emulator standard devia-
tion 𝜎̂model of Eq. (5), which we use to characterise the emulator’s
accuracy output by output. It is an order of magnitude larger than
the mean absolute error of the same outputs: the median 𝜎̂model over
the p modes is 5.7 × 10−2 d−1 against a MAE of 4.1 × 10−3 d−1, and
the median over the f and 𝑛pg = −1 modes is 2.7 × 10−2 d−1. The
two differ because the residual distribution is heavy-tailed. The small
minority identified above, almost all in the final pre-main-sequence
contraction, carry much larger residuals and dominate a variance
computed over the whole test set. This tail is the population that a
squared-error loss would have weighted most strongly, which is why
we train on absolute error (Section 2.2.4). The largest single value
among the frequencies used in the five adopted fits is 6.7× 10−2 d−1,
on the 𝑛 = 8, ℓ = 1 column. For 𝑇eff , 𝜎̂model is 11.3 K.

Figure 3 shows the residual correlations used in Eq. (12): the
emulator’s p mode errors move almost as one, while its p and g mode
errors are nearly uncorrelated.

3.2 Population recovery and coverage tests

We test whether the full inference pipeline recovers parameters and
calibrated credible intervals from synthetic mode lists resembling
those of the Pleiades stars. All tests use the likelihood and covariance
construction of Section 2.3.3. Three populations differ in their source
of truth and injected noise:

Emus. The truth observables are generated by the emulator it-
self, 𝝂̂(𝜽 true). Because the forward model and the data-generating
model are the same, the frequency residual is drawn from C𝜈 and the
effective-temperature residual from the scalar variance 𝜎2

𝑐 . This iso-
lates the statistical machinery (likelihood, covariance and sampler)
under an exactly specified data-generating model.
Hares. The truth observables, 𝑇eff and the selected storm mode

frequencies, are taken from grid models in the held-out test split.
No noise is injected, so this population isolates the pure emulator-
versus-grid systematic at each target.
Noisy hares. Same as for the hares, but with measurement noise

added. Each frequency receives an independent Gaussian perturba-
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Figure 5. Per-mode mean absolute error heatmaps for the emulator on the held-out test split, in physical units (d−1). Left: p modes, indexed by radial order 𝑛
and degree ℓ. Right: f and g modes, indexed by 𝑛pg; the 𝑛pg = 0 row holds the f modes, which exist only for ℓ ≥ 2, and negative orders are g modes (radial order
increasing downward in frequency).

tion scaled by the observational uncertainty assigned to that mode
(Section 3.2.1), and 𝑇eff receives a Gaussian perturbation of 250 K.

3.2.1 Campaign design

Calibration can vary with evolutionary phase, so we stratified the
campaign into age panels rather than pooling all targets. Age panels
let each fit use an informative age prior like the Pleiades analysis while
sampling different evolutionary phases. Section 3.2.2 also examines
the results directly as a function of evolutionary phase.

We selected 100 held-out targets in each of four age panels: 1–50,
50–200, 200–500 and 500–1500 Myr. Each fit uses an age prior span-
ning its panel window. The target masses lie within the emulator’s
training range of 1.4, 2.5,M⊙ . The inference mass prior covers the
same range. The metallicity prior is the Soderblom-like form used for
the real stars, centred on each target’s truth, and rotation is uniform
on [0, 200] km s−1. Whole held-out tracks are limited, so a track may
supply models in more than one panel. 400 targets are drawn from
112 distinct tracks.

Each target was fitted seven times, three emu draws, one hare fit
and three noisy-hare draws, for 2800 fits in total. The synthetic mode
table for each target is drawn to resemble the real TESS detections
rather than the full model output: between 20 and 30 modes (median
25) selected from ℓ = 0–3 p modes with 𝑛 ≤ 9, the 𝑛pg = 0 f modes
and the 𝑛pg = −1 g modes at ℓ = 2 and 3, with degrees allocated
in the proportions observed in typical 𝛿 Sct stars. Pulsation mode
observational uncertainties were drawn from a log-normal fitted to
the quoted frequency errors of the five Pleiades targets, with median
5.2 × 10−5 d−1 and a 16–84 per cent range of 8.5 × 10−6 to 3.0 ×
10−4 d−1.

For every fit we computed the z-score (per-parameter standardised
residual) 𝑧 = (⟨𝜃⟩ − 𝜃true)/𝜎𝜃 , where ⟨𝜃⟩ and 𝜎𝜃 are the posterior
mean and standard deviation, so that 𝑧 > 0 means the posterior over-
estimates the parameter. For a correctly calibrated pipeline, the 68
and 95 per cent credible intervals (1𝜎 and 2𝜎) contain the truth in
68 and 95 per cent of fits, respectively. For the diagnostics relating to

outliers in age recovery, we selected targets whose median |𝑧𝜏 | over
their four hare and noisy-hare fits exceeds 3. In this campaign this
selects the same targets as requiring at least one fit with |𝑧𝜏 | > 3.

Seven fits required more than the 107 likelihood evaluations ini-
tially allowed. These fits belonged to two pre-MS targets in the
1–50 Myr panel, whose age posteriors were 0.08–0.17 Myr wide
within a 49 Myr prior. They were rerun with that ceiling raised to
5× 107 and converged at 1.3–2.3× 107 calls. All 2800 fits converged
within their assigned budgets and passed the sampler’s convergence
test. The effective sample size had a minimum of 7058 and a median
of 10821.

3.2.2 Calibration across the emulator’s domain

The emus are recovered with near-nominal coverage in all four age
panels and for all four parameters. Pooled over the panels, their age
coverage is 0.69 and 0.95 at the two nominal levels, the standardised
residuals have unit standard deviation (1.00), and 2 of 1200 fits exceed
|𝑧 | = 3 (Table 2, Fig. 6a and c). Because the emus are generated and
fitted with the same emulator and error model, their recovery checks
the implementation of the likelihood, covariance treatment and the
sampler.

For the hares and noisy hares, mass and rotation are recovered con-
servatively. Their coverage curves lie above the diagonal throughout
(Fig. 6b), and their standardised residuals have standard deviations of
0.64 and 0.57. Metallicity and age have residual standard deviations
of 1.42 and 1.76, and their coverage curves cross the diagonal near
the 80 per cent level. They are conservative at low credible levels and
under-cover at high ones, consistent with the narrow core and heavy
tails seen in Fig. 6(c). Excluding fits beyond |𝑧 | = 3, which are 7.4
per cent of the hare and noisy-hare fits, returns the age residual stan-
dard deviation to 0.94. The hares and noisy hares have the same age
residual standard deviation to two decimal places and are therefore
pooled in the summaries.

Held-out-grid age recovery depends strongly on evolutionary
phase. The target-averaged empirical age coverage is lowest in the
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Table 2. Population recovery for the hounds campaign. Each entry gives the empirical coverage of the nominal 68 and 95 per cent credible intervals, averaged
first over the repeated fits of each target and then over targets, and written as 68/95. 𝑁 is the number of completed targets. The final column, 𝜎𝑧 (𝜏 ) , is the
standard deviation of the pooled hare and noisy-hare age standardised residuals; unity is the Gaussian calibration reference. The hares and noisy hares are pooled
because their measured calibration is similar.

Emus Hares and Noisy hares

Age panel [Myr] 𝑁 𝑀 𝑍 𝜏 𝑣eq 𝑀 𝑍 𝜏 𝑣eq 𝜎𝑧 (𝜏 )

1–50 100 0.68/0.95 0.72/0.95 0.70/0.95 0.68/0.94 1.00/1.00 1.00/1.00 1.00/1.00 1.00/1.00 0.28
50–200 100 0.67/0.95 0.71/0.96 0.69/0.95 0.69/0.95 0.97/1.00 0.83/0.97 0.78/0.88 0.99/1.00 1.33
200–500 100 0.68/0.94 0.65/0.96 0.70/0.95 0.66/0.94 0.83/0.95 0.56/0.78 0.39/0.66 0.91/0.99 2.93
500–1500 100 0.68/0.94 0.72/0.97 0.67/0.96 0.70/0.95 0.82/0.96 0.58/0.80 0.72/0.89 0.76/0.97 1.41

All 400 0.68/0.95 0.70/0.96 0.69/0.95 0.68/0.95 0.90/0.98 0.74/0.89 0.72/0.86 0.91/0.99 1.76
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(a) Emus: exact forward model
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(b) Hares and Noisy hares: held-out models
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(c) Age standardised residuals by age band
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(d) Age coverage by age band

68 per cent 95 per cent

Figure 6. Calibration of the inference pipeline over the emulator’s full age domain, from 2800 fits of 400 held-out targets. (a) Empirical coverage against nominal
credible level for the emus. (b) The same for the hares and noisy hares. (c) Distribution of the age standardised residual 𝑧 = (⟨𝜏⟩ − 𝜏true )/𝜎𝜏 on a logarithmic
density scale, for the hares and noisy hares pooled and split by age band, with the emus of all four panels behind them in grey and a unit-normal Gaussian
calibration reference (dashed). (d) Age coverage of the hares and noisy hares in each of the four age panels, with the nominal values as dashed lines.
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Figure 7. Recovery in the 50–200 Myr panel, the age window relevant to the Pleiades, from the hares and noisy hares. (a) Age residual against true age for the
100 targets, after averaging each target’s four posterior means. Error bars show the median posterior standard deviation over those four fits. The five age-outlier
targets are highlighted in red: their absolute errors all exceed the panel’s 90th percentile, and their posterior standard deviations are about three times smaller
than those of the other 95 targets (medians 1.5 versus 4.8 Myr). (b) Empirical coverage against nominal credible level for all four parameters, with the dashed
diagonal marking nominal coverage. Mass and 𝑣eq are conservative, metallicity is close to nominal, and age under-covers above the 80 per cent level.

200–500 Myr panel, at 0.39 and 0.66 for nominal 68 and 95 per
cent intervals, and remains below nominal in the 500–1500 Myr
panel, at 0.72 and 0.89. The failures are concentrated more tightly at
0.77 ≤ 𝑋c/𝑋0 ≤ 0.91, owing to the onset of avoided crossings (Ap-
pendix C; Fig. C2). This 𝑋c/𝑋0 interval contains 19 per cent of all
targets and 80 per cent of those with |𝑧𝜏 | > 3. The same targets show
coupled age and metallicity recovery errors along the population
age–metallicity anti-correlation, rather than a separate age-only fail-
ure mode. The five Pleiades stars lie at 𝑋c/𝑋0 = 0.963–0.974, outside
this interval. Appendix C gives the target-level residual distributions,
physical-unit errors, outlier diagnostics and evolutionary-state anal-
ysis.

3.2.3 Calibration in the Pleiades age window

The 50–200 Myr panel contains the ages reported in Section 4, and
we treat it separately (Fig. 7).

Mass, rotation and metallicity have coverage above the nominal
levels (Table 2). Age coverage is 0.777 [0.689, 0.861] and 0.875
[0.808, 0.935] at the nominal 68 and 95 per cent levels, respectively.
The 1𝜎 interval is conservative while the 2𝜎 interval under-covers.
The age residuals have a standard deviation of 1.33 and a mean of
+0.02, so the pooled residual distribution is centred close to zero
despite its broad tails.

Five of the 100 targets carry the whole |𝑧𝜏 | > 3 tail, contributing
20 of the 400 hare and noisy-hare fits. After averaging each target’s
four posterior means, the median absolute age error is 1.9 Myr and
the 90th percentile is 4.5 Myr. The five outliers have absolute age
errors of 4.8–8.5 Myr (2.7–6.7 per cent) and narrower posteriors.
Their median posterior standard deviation is 1.5 Myr, compared with
4.8 Myr for the other 95 targets. At the two nominal levels, age
coverage is 0.869/0.923 for the 84 targets outside the 𝑋c/𝑋0 window
identified above and 0.297/0.625 for the 16 inside.

4 APPLICATION TO 𝛿 SCUTI STARS IN THE PLEIADES

We applied the emulator and inference framework to 𝛿 Sct stars
in the Pleiades observed by TESS. From the slow- to moderately-
rotating Pleiades 𝛿 Sct stars presented by Bedding et al. (2023), we
selected five whose mode identifications we judged sufficiently re-
liable for this analysis: V624 Tau, V647 Tau, V1187 Tau, HD 23157
and HD 23325.

4.1 Targets and observations

Table 3 lists the published and adopted effective temperatures and
projected rotational velocities. For all five targets, we extracted the
TESS light curves using lightkurve and measured frequencies by
iterative prewhitening3. Table 4 lists the sectors observed and the
resulting light-curve baselines. Four of the targets were observed in
Sectors 42–44 and again in Sectors 70 and 71, giving a baseline of
812 d. V647 Tau has two-minute data only in Sectors 42–44, so its
baseline is 77 d. Its median frequency uncertainty is more than an
order of magnitude larger than that of any other target.

V624 Tau was observed at two-minute cadence across multiple
sectors. We recovered 117 significant frequencies and fitted 26 iden-
tified modes in the 18–63 d−1 range (Table A1): 19 p modes span-
ning ℓ = 0–3, six f modes (one ℓ = 2 and five ℓ = 3), and one
ℓ = 3 g mode. Several belong to rotationally split multiplets. Its large
separation is Δ𝜈 = 7.00 d−1. The omitted 𝑛 = 4 radial position is
discussed in Section 4.3.

V647 Tau has 20 fitted modes in the 18–59 d−1 range (Table A2):
15 p modes (five radial, eight dipole and two ℓ = 2), three ℓ =

3 f modes, and two ℓ = 2 g modes. Its large separation is Δ𝜈 =

6.88 d−1. The radial ridge skips 𝑛 = 3 and 4 orders. The strongest
peak lies near the expected 𝑛 = 4 position but is excluded from the
fit (Section 4.3).

V1187 Tau (HD 23194) has 22 fitted modes in the 20–71 d−1 range
(Table A3): 16 p modes (four radial, ten dipole and two ℓ = 3), three

3 github.com/gautam-404/prewhitener
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Table 3. Observational properties of the five targets. Published spectroscopic effective temperatures and projected rotational velocities are listed alongside the
values adopted in this work. The adopted 𝑇eff is the only classical observable entering the likelihood, with the quoted uncertainty. The adopted 𝑣 sin 𝑖 is never
fitted, but informs the mode identification (Section 4.2) and yields the inclination a posteriori (Section 4.3).

Star 𝑇eff published (K) 𝑇eff adopted (K) 𝑣 sin 𝑖 published (km s−1) 𝑣 sin 𝑖 adopted (km s−1)

V624 Tau 7600–8070𝑏 7960 ± 250 32–70𝑏; 32.5 ± 2𝑎; 42 ± 5𝑏 32.5 ± 2𝑎
V647 Tau 8055𝑎; 8090–8100𝑏 8055 ± 250 ≤ 12𝑏; 10 ± 3𝑏; 18.9 ± 1𝑎; 19 ± 1𝑐 18.9 ± 1𝑎
V1187 Tau 8031𝑑 8031 ± 250 37 ± 1𝑐,𝑑 37 ± 1𝑐,𝑑
HD 23157 7514𝑎 7514 ± 250 56𝑎; 58 ± 1𝑐 58 ± 1𝑐
HD 23325 7638𝑎 7638 ± 250 80𝑎; 85 ± 1𝑐 85 ± 1𝑐

𝑎Gebran & Monier (2008); 𝑏Murphy et al. (2022), and references therein; 𝑐Bedding et al. (2023); 𝑑Prugniel et al. (2011).

Table 4. TESS observations of the five targets. All five light curves are
two-minute cadence SPOC photometry. 𝑁ext is the number of significant
frequencies recovered by prewhitening and 𝑁fit the number of identified
modes entering the likelihood (Appendix A). No two-minute observations of
V647 Tau are available beyond Sector 44.

Star TIC Sectors Baseline 𝑁ext 𝑁fit
(d)

V624 Tau 405483817 42–44, 70, 71 811.7 117 26
V647 Tau 405484188 42–44 76.8 60 20
V1187 Tau 405483707 42–44, 70, 71 811.7 101 22
HD 23157 67768222 42–44, 70, 71 811.7 72 19
HD 23325 385509282 42–44, 70, 71 811.7 122 16

ℓ = 2 f modes, and three ℓ = 3 g modes. Its large separation is
Δ𝜈 = 7.02 d−1.

HD 23157 (TIC 67768222) has 19 fitted modes spanning 17.0–
55.2 d−1 (Table A4): 13 p modes (two radial, two dipole, four ℓ = 2
and five ℓ = 3), and six low-order 𝑛pg = −1 g modes. The latter are
the even-parity components of the ℓ = 2 and ℓ = 3 multiplets around
3Δ𝜈, with Δ𝜈 = 6.85 d−1.

HD 23325 is the only chemically peculiar target, a metallic-line
(Am) star classified kA6hA9mF1 (IV). Its 16 fitted modes span 15.6–
65.8 d−1 (Table A5): 13 p modes (six radial and seven dipole) and
three low-order ℓ = 2 g modes below the fundamental radial mode.
Its large separation is Δ𝜈 = 6.90 d−1.

4.2 Mode identification

Before any inference is run, each star’s pulsation spectrum must be
reduced to a list of securely labelled (𝑛, ℓ, 𝑚) modes (Section 2.3.3).
We built this list by hand from the échelle diagram, following a
consistent procedure for all five stars. The resulting identifications
are tabulated in Appendix A.

We began by searching for the large separationΔ𝜈 for which the ra-
dial (ℓ = 0) and dipole (ℓ = 1) modes with radial orders 𝑛 > 3 form
approximately vertical ridges in the échelle diagram. This regular
high-frequency pattern is the pseudo-asymptotic p-mode structure
resolved in échelle diagrams of young 𝛿 Sct stars with space photom-
etry (Bedding et al. 2020; Murphy et al. 2021, 2022). At the modest
rotation rates of our targets the ridges are distorted from the non-
rotating asymptotic form, so the pattern is sought as approximately,
rather than exactly, vertical (Reese 2008; Ouazzani et al. 2015).

With a trial Δ𝜈, we first anchored the radial ridge using the higher-
order radial modes (𝑛 ≳ 5). These form a near-vertical ridge at the
correct Δ𝜈, while the lowest radial orders curve to the right from
the vertical ridge and are added only once the ridge is fixed. The
fundamental radial mode (𝑛 = 1) is expected near 3Δ𝜈 (Gautam
et al. 2026), providing a reference for the radial-order numbering.

We next identified the non-radial modes, starting with the central
(𝑚 = 0) components where they are detectable. The ℓ = 1 central
ridge lies to the left of the radial ridge, while the ℓ = 2 central modes
lie between them.

The detectability of these components depends on the stellar incli-
nation through their disc-integrated visibility𝑉ℓ𝑚 (𝑖) (Fig. A1; Gizon
& Solanki 2003; Aerts et al. 2010; Reese 2022). In this geometric
model, the 𝑚 = 0 visibility vanishes at 𝑖 = 90◦ (equator-on) for
ℓ = 1, near 54.7◦ for ℓ = 2, and near 39◦ and 90◦ for ℓ = 3. A
central component may therefore be absent because of geometric
cancellation, but this alone does not identify a particular inclination.
We used the visibility curves and spectroscopic 𝑣 sin 𝑖 to guide the
mode assignments, but these constraints do not uniquely determine
the labels.

Finally, we identify the rotationally split multiplets. The frequency
spacing of a multiplet constrains the rotation rate, so we require any
candidate splitting to be consistent with the spectroscopic 𝑣 sin 𝑖.
Because sin 𝑖 ≤ 1, the projected velocity 𝑣 sin 𝑖 is a lower bound
on the equatorial velocity 𝑣eq, and the observed splitting should
therefore match or exceed the spacing predicted from 𝑣 sin 𝑖 at the
model radius. Splittings narrower than this bound are not considered
during mode identification. The inferred equatorial velocity can then
be combined with 𝑣 sin 𝑖 to obtain an inclination a posteriori.

The (𝑛, ℓ, 𝑚) labels are fixed before inference, and neither incli-
nation nor mode identity is sampled in the likelihood. We assessed a
limited set of mode tables separately through their per-mode residuals
and fitted échelle diagrams.

We assign (𝑛, ℓ, 𝑚) labels according to the dominant non-rotating
component of each observed mode. Centrifugal distortion can couple
modes of similar frequency with the same 𝑚 and Δℓ = 0,±2 (Dziem-
bowski & Goode 1992; Soufi et al. 1998; Suárez et al. 2007; Guo
et al. 2024). For radial modes, the relevant partner is the ℓ = 2, 𝑚 = 0
component. Near-degeneracy may become important when their un-
coupled frequencies satisfy |𝜈ℓ=0 − 𝜈ℓ=2,𝑚=0 | ≲ 𝜈rot, where 𝜈rot is
the rotation frequency. The amount of mixing also depends on the
coupling strength, so frequency proximity alone does not establish
a mixed identity. Peaks whose dominant degree cannot be identified
are left unlabelled and excluded from the fit.

A further consequence of nonlinear mode interaction is that not
every peak in the amplitude spectrum is an independent eigenmode.
Pairs of strong modes generate combination frequencies (sums, dif-
ferences and harmonics of the dominant pulsations) that appear as
sharp peaks but carry no independent (𝑛, ℓ, 𝑚) label (Mourabit &
Weinberg 2023). Our iterative prewhitening flags integer harmon-
ics (𝜈 ≈ 𝑘 𝜈0) automatically, and any flagged harmonic, together
with any other peak we cannot securely identify as an eigenmode, is
excluded from the fit rather than assigned a spurious label.

All five stars show strong peaks near the fundamental radial-mode
frequency, around 3Δ𝜈. Secure identifications in this region include
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low-order g modes and f modes, with several peaks below the lowest
identified radial mode.

In V624 Tau, an ℓ = 3 g mode at 18.81 d−1 and an ℓ = 2 f mode
at 20.98 d−1 lie below the lowest identified radial mode (𝑛 = 2, at
27.46 d−1). V647 Tau has two ℓ = 2 g modes at 17.89 and 18.69 d−1,
below its radial fundamental at 20.85 d−1. V1187 Tau has three ℓ = 3
g modes spanning 19.81–20.81 d−1 and three identified components
of an ℓ = 2 f mode multiplet spanning 22.38–23.48 d−1. The richest
set occurs in HD 23157, where six components of the 𝑛pg = −1,
ℓ = 2 and ℓ = 3 multiplets span 17.0–23.7 d−1, straddling the ra-
dial fundamental at 21.00 d−1. HD 23325 has three ℓ = 2 g modes
spanning 15.6–18.3 d−1.

The identified g modes have low radial orders (|𝑛pg | ≤ 2), unlike
the high-order g modes characteristic of 𝛾 Doradus pulsators; their
presence alone therefore does not establish hybrid pulsation. Peaks
without secure identifications are excluded from the fits, regardless
of amplitude. In V647 Tau, for example, the second-strongest peak
in the entire amplitude spectrum remains unidentified at 20.44 d−1,
just 0.41 d−1 below the radial fundamental.

Several diagnostics can flag a possible mismatch between the
adopted mode identifications and the model grid. These include
anomalous per-mode frequency residuals, a high reduced frequency
𝜒2
𝜈,freq, a peak’s position in the échelle diagram, a > 3𝜎 disagree-

ment between posterior-predicted and spectroscopic observables, or
a posterior pressed against a prior or grid boundary. None of these
diagnostics uniquely identifies a wrong mode label. Similar patterns
can arise from inadequate input physics, an inappropriate prior, an
emulator limitation, or another form of model–data mismatch. We
treat these diagnostics as a reason to investigate the adopted mode
identifications.

In HD 23157 these diagnostics led us to exclude three modes. We
ranked its 22 identified modes by the change in frequency 𝜒2 when
each mode is removed individually. We calculated these changes
analytically from the full covariance matrix at the posterior mean
of the 22-mode fit, without refitting. We excluded the three highest-
ranked modes, listed as X1–X3 in Table A4. Refitting the remaining
19 modes lowered 𝜒2

𝜈,freq from 9.4 to 5.4 and shifted the median age
by 2.3 Myr, well below its 1𝜎 uncertainty. This selection is based on
fit quality rather than evidence of incorrect identifications.

4.3 Posterior summaries for individual stars

We ran the inference framework of Section 2.3 on each star individu-
ally. All parameter uncertainties quoted in this section are formal, sta-
tistical credible intervals, conditional on the adopted (𝑛, ℓ, 𝑚) mode
identification (Section 2.3.3). Uncertainty arising from the adopted
input physics is not included here and is examined in Section 4.5.

All five stars are members of the Pleiades and are expected to have
similar initial compositions, so we adopted the same metallicity prior
for every target, based on the cluster measurement of Soderblom
et al. (2009). For HD 23325, the Am star, its metallic-line surface
abundances arise from atomic diffusion in a shallow surface layer
and do not trace the bulk composition that the pulsation frequencies
respond to, so the cluster mean from solar-type members remains the
better bulk-composition anchor than any individual A-star spectrum.
Uniform priors are used for the remaining sampling parameters. The
effective temperature is the only classical observable entering the
likelihood, with the adopted values of Table 3. The equatorial velocity
is constrained by the identified rotationally split multiplets rather than
by any external 𝑣 sin 𝑖 measurement.

Table 5 summarises the inferred parameters. Figures 8–12 show the
corresponding posterior distributions and frequency comparisons.
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Figure 8. Inference results for V624 Tau. Top: Joint posterior for 𝑀, 𝑍 ,
𝜏, and 𝑣eq. Red lines mark the posterior medians, dashed lines the 16th
and 84th percentiles, and contours enclose the 0.5, 1, 1.5 and 2𝜎 credible
regions. Bottom: Échelle diagram folded on Δ𝜈 = 7.00 d−1, with normalised
frequency residuals. The red symbols mark identified observed peaks, and
red crosses mark unidentified peaks. Open black symbols give the median
of each fitted mode’s frequency over the posterior, with mode families and
degrees identified in the legend. The panel to the right shows the residual
𝜈obs − 𝜈model of each fitted mode against its observed frequency, in units of
𝜎𝜈 =

√︁
diag(C𝜈 ) , the combined observational and emulator error on that

mode’s frequency (Eq. (9)). Bars here span the central 3𝜎 posterior interval
on the model frequency, and the nested shading marks ±1 and ±3 𝜎𝜈 . The
vertical axes of the échelle and residual panels show different quantities: the
échelle places a mode at its order centre, while the residual panel places
it at its own observed frequency. Identified mode frequency labels match
Appendix A.
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Table 5. Posterior summaries for the five Pleiades targets. The four fitted parameters and the two derived observables are reported as posterior medians with
1𝜎 (16th–84th-percentile) intervals. 𝑇eff and log10 (𝐿/L⊙ ) are not sampled; instead, they are obtained by evaluating the emulator at every posterior sample.
The effective temperature is additionally constrained by the classical term of the likelihood, through the adopted values of Table 3, whereas the luminosity is
predicted by the fitted models alone. The reduced frequency 𝜒2

𝜈,freq is evaluated at the posterior median against the full covariance C𝜈 . The inclination 𝑖 is
derived after the fit from the asteroseismic 𝑣eq and the spectroscopic 𝑣 sin 𝑖. Ω/Ωcrit is the posterior median of mesa’s surface-averaged ratio, evaluated on the
same samples as 𝑇eff and log10 (𝐿/L⊙ ) .

Star 𝑀 (M⊙) 𝑍 Age (Myr) 𝑣eq (km s−1) Ω/Ωcrit 𝑇eff (K) log10 (𝐿/L⊙ ) 𝜒2
𝜈,freq 𝑖 (deg)

V624 Tau 1.696+0.005
−0.005 0.0179+0.0002

−0.0002 116.9+7.7
−8.2 48.1+0.2

−0.2 0.105 7988+29
−30 0.934+0.007

−0.007 9.1 42.5 ± 3.2

V647 Tau 1.721+0.006
−0.006 0.0192+0.0002

−0.0002 113.7+9.3
−9.6 40.3+0.2

−0.2 0.088 7972+36
−36 0.946+0.009

−0.009 14.0 28.0 ± 1.6

V1187 Tau 1.665+0.011
−0.010 0.0177+0.0003

−0.0004 112.6+17.5
−17.4 40.4+0.3

−0.3 0.089 7880+66
−64 0.901+0.016

−0.016 11.9 66.3 ± 3.6

HD 23157 1.514+0.007
−0.006 0.0189+0.0001

−0.0002 114.6+13.8
−12.2 76.7+0.2

−0.2 0.175 7115+36
−28 0.708+0.010

−0.008 5.4 49.1 ± 1.1

HD 23325 1.639+0.008
−0.009 0.0181+0.0002

−0.0002 107.0+9.3
−10.6 89.1+0.4

−0.5 0.198 7701+47
−48 0.865+0.012

−0.012 10.5 72.6 ± 2.3

All five stars have posterior median Ω/Ωcrit = 0.09–0.20 and 𝑣eq =

40–89 km s−1, below both the 0.2 ratio reached by the only published
storm benchmark and the 100 km s−1 g mode bound of Section 2.1.

For V624 Tau, our frequencies and mode labels agree with the
Kepler K2-mission based radial and dipole identifications of Murphy
et al. (2022) where they overlap. Literature 𝑣 sin 𝑖 values span 32–
70 km s−1 (Table 3; Bedding et al. 2023 report no measurement
for this star). We adopted the high-resolution determination 32.5 ±
2 km s−1 (Gebran & Monier 2008), which gives 𝑖 = 42.5◦ ± 3.2◦
through 𝑣eq sin 𝑖 = 𝑣 sin 𝑖. The inclination uncertainty is dominated
by spectroscopy because the asteroseismic 𝑣eq is constrained to better
than 1 per cent within the model.

V624 Tau’s age agrees with the external cluster-age estimates dis-
cussed in Section 4.4, and its metallicity is consistent with the adopted
spectroscopic prior.

Our mode identifications for V647 Tau also agree with the over-
lapping K2-based radial and dipole identifications of Murphy et al.
(2022). The adopted 𝑣 sin 𝑖 = 18.9 ± 1 km s−1 (Gebran & Monier
2008) implies a low inclination, 𝑖 = 28.0◦ ± 1.6◦. The TRES value
of 19 ± 1 km s−1 (Bedding et al. 2023) supports this choice over the
smaller historical determinations compiled by Murphy et al. (2022)
(Table 3).

The V647 Tau échelle diagram (Fig. 9) shows one ambiguous fea-
ture. The strongest peak in the amplitude spectrum lies at ≈ 38.4 d−1,
near the expected 𝑛 = 4 radial position obtained by extrapolating the
𝑛 = 5, 6 and 7 radial orders with Δ𝜈 ≈ 6.88 d−1. A second uniden-
tified peak lies 0.83 d−1 below it. We tested radial, ℓ = 2, and ℓ = 3
interpretations of the stronger peak. The ℓ = 2 and ℓ = 3 inter-
pretations gave slightly better frequency fits (in reduced frequency
𝜒2
𝜈,freq) than the radial interpretation, but we could not securely dis-

tinguish between them. Both peaks therefore remain unlabelled and
are excluded from the adopted fit.

A similar ambiguity occurs at the expected 𝑛 = 4 radial position
in V624 Tau. In both stars the peak is left unlabelled and excluded
from the fit.

V1187 Tau has the broadest age posterior of the five stars,
112.6+17.5

−17.4 Myr. Its inferred effective temperature agrees with the
adopted spectroscopic value. Combining the inferred equatorial ve-
locity with the spectroscopic 𝑣 sin 𝑖 = 37 ± 1 km s−1 (Bedding et al.
2023; Prugniel et al. 2011) gives 𝑖 = 66.3◦ ± 3.6◦.

HD 23157 has the lowest inferred mass in the sample,
1.514+0.007

−0.006 M⊙ . The adopted spectroscopic 𝑣 sin 𝑖 = 58 ± 1 km s−1

(Bedding et al. 2023) agrees with the 56 km s−1 measurement of Ge-

bran & Monier (2008) and, combined with the inferred equatorial
velocity, gives 𝑖 = 49.1◦ ± 1.1◦.

HD 23325 has the highest inferred equatorial velocity,
89.1+0.4

−0.5 km s−1. The Gaia DR3 𝑣 sin 𝑖 = 85 ± 1 km s−1 (Bedding
et al. 2023) implies 𝑖 = 72.6◦ ± 2.3◦; adopting 80 km s−1 from Ge-
bran & Monier (2008) would instead give 𝑖 ≈ 64◦. Under the flat
metallicity prior, its metallicity changes only slightly and its median
age decreases by 7.6 Myr (Appendix E); the Am surface abundances
enter neither fit.

Within the adopted grid, the p modes alone constrain a narrow
ridge in the age–metallicity plane, and the age constraint tightens
further with either a metallicity measurement or an identified g mode.
All five stars fitted here carry at least one identified low-order g mode.
Their age and metallicity posteriors remain constrained when the
cluster metallicity prior is replaced by a uniform prior, although the
individual age intervals broaden by 10–35 per cent (Appendix E).

4.4 The age of the Pleiades

Because all members of an open cluster share the same age, combin-
ing the five per-star age estimates provides a stronger constraint than
any one star alone. We model the stars with a common age, while
each keeps its own mass, metallicity and equatorial rotation velocity.
The cluster-age posterior is then

𝑝(𝜏 | all stars) ∝
∏𝑁

𝑖=1 𝑝𝑖 (𝜏)
𝜋(𝜏)𝑁−1 , (13)

where 𝑁 = 5 and 𝑝𝑖 (𝜏) is the age posterior of star 𝑖 after integrat-
ing over its mass, metallicity and rotation velocity. Multiplying the
five posteriors includes the age prior 𝜋(𝜏) five times, so we divide
by 𝜋(𝜏)𝑁−1 to count it only once. Since the prior, 𝜋(𝜏), is uniform
over [50, 200] Myr, this correction affects only the normalisation. To
combine the posteriors, we first smoothed each star’s age samples
with a Gaussian kernel density estimate over this range. We then
multiplied the five densities and normalised the result. Changing the
kernel width by a factor of 2.5 moved the median age by less than
0.1 Myr and the interval limits by less than 0.2 Myr. This combination
assumes independent errors between stars. This is an approximation
because the stars share an emulator and occupy a similar region of
parameter space, where their emulator residuals may be correlated.
Figure 13 shows this conditional cluster posterior alongside the in-
dividual ages.

The individual ages in Table 5 are mutually consistent. Multiplying
their age posteriors gives a cluster age of 113.3+4.5

−4.5 Myr (statistical
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Figure 9. Inference results for V647 Tau. Posterior, échelle and residual con-
ventions follow Fig. 8.

only; 2𝜎 interval 104.1–122.1 Myr). An inverse-variance weighted
mean of the five medians with symmetrised 1𝜎 intervals gives 113.4±
4.6 Myr (Fig. 14), with consistency statistic 𝜒2/𝜈 = 0.61/4 = 0.15.
Omitting each star in turn gives four-star product ages of 111.5–
115.2 Myr, all within the five-star 1𝜎 interval, so no single star drives
the result.

Our age agrees with the lithium-depletion-boundary estimate of
112 ± 5 Myr from Dahm (2015), who note that including magnetic
activity in the boundary brown dwarfs would imply ≈ 100 Myr. Re-
locating the boundary with Gaia DR2 parallaxes, Galindo-Guil et al.
(2022) found 127.4+6.3

−10 Myr using BT-Settl models; their six model
sets span 117.6–155.5 Myr for the same boundary. Our estimate is
consistent with the lower end of that determination and lies at the
young end of the 110–160 Myr rotating-isochrone range (Gossage
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Figure 10. Inference results for V1187 Tau. Posterior, échelle and residual
conventions follow Fig. 8.

et al. 2018), whose upper end is driven by the more extended turn-off
in the near-infrared colour–magnitude diagram.

To assess sensitivity to the external metallicity constraint, we re-
peated all five fits with a uniform prior over 𝑍 ∈ [0.001, 0.026]. The
emulator-error correlations were recomputed under this prior, retain-
ing the adopted global diagonal error scales and all other fit settings.
Combining the resulting marginal age posteriors with metallicity in-
dependent for each star gives 108.5+5.5

−5.7 Myr (Fig. 14). Relative to
the adopted analysis, the median is 4.9 Myr younger and the 68 per
cent interval is 24 per cent wider. The age and metallicity constraints
therefore persist without the Soderblom prior within this setup (Ta-
ble E1).

Three of the six stars analysed by Fox Machado et al. (2006)
are in our sample: V624 Tau, V647 Tau and V1187 Tau (HD 23194).
Their identifications were an output of the frequency matching rather
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Figure 11. Inference results for HD 23157. Posterior, échelle and residual
conventions follow Fig. 8.

than an input, and for four of their six stars more than one hundred
identification combinations survived their selection criterion. Mode
identification is the most plausible source of the difference between
their age estimate and ours.

4.5 Sensitivity to input physics

The input physics adopted in the underlying mesa grid (Gautam
et al. 2026) fixes the convective-core overshooting, mixing-length
parameter and initial helium abundance. To quantify the sensitivity
of the inferred ages to these choices, we generated synthetic stars
from companion storm grids in which one input parameter was
varied at a time. We then fitted these stars using the emulator trained
on the unperturbed grid. Each perturbed target was paired with an
unperturbed control at the same mass, metallicity, initial rotation
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Figure 12. Inference results for HD 23325. Posterior, échelle and residual
conventions follow Fig. 8.

rate and age, using the same selected modes and observational-noise
draw; the measured shift is the perturbed-minus-control difference
in posterior-median age. Pairing removes emulator error common to
the two fits. Each perturbation contains 100 pairs, giving 600 fits
drawn from a subset of the Pleiades age domain. Appendix D gives
the detailed configuration and selection.

Changing 𝑓ov by±0.005, 𝛼MLT by±0.1 and the initial helium mass
fraction by |Δ𝑌 | = 0.02 produces median absolute age shifts of 2.1,
2.3 and 5.2 Myr, respectively (Fig. 15). The 16th–84th percentile
ranges of the shifts are 0.6–5.2, 0.2–6.6 and 1.4–13.0 Myr, and the
90th percentiles are 6.5, 7.6 and 16.2 Myr. The median shifts for
overshooting and mixing length are smaller than the 8–18 Myr statis-
tical uncertainties on the individual stellar ages, although their upper
tails can be comparable to these uncertainties. The median helium
shift is comparable to the statistical uncertainty on the combined
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Figure 13. Individual Pleiades age estimates and their combined posterior, compared with literature ages for the cluster. Points show posterior medians and
horizontal bars their 1𝜎 statistical intervals. The blue diamond and error bar show the combined shared-age posterior of Eq. (13), 113.3+4.5

−4.5 Myr. The grey rows
below the rule are literature ages, ordered by publication year: the earlier asteroseismic age from six Pleiades 𝛿 Sct stars (70–100 Myr; Fox Machado et al. 2006),
the lithium-depletion boundary (112 ± 5 Myr; Dahm 2015), rotating-isochrone fits to the colour–magnitude diagram (110–160 Myr; Gossage et al. 2018), and
that same lithium-depletion boundary relocated with Gaia DR2 parallaxes (127.4+6.3

−10 Myr; Galindo-Guil et al. 2022). Rows drawn without a central marker are
ranges of acceptable fits rather than 1𝜎 intervals.

cluster age. For the perturbations tested here, these shifts indicate
the scale of age errors that could arise if the model assumptions do
not adequately describe the stars. Appendix D gives the population
coverage, mass dependence, boundary checks and signed parameter
responses; Paper III presents a more extensive treatment.

5 CONCLUSIONS

We have developed a framework for estimating the ages of young 𝛿 Sct
stars from individual pulsation frequencies, using a neural-network
emulator to make Bayesian inference with rotating models practical.
Trained on the storm realisation of the Paper I grid, the emulator
predicts p mode, f mode and low-order g mode frequencies, including
rotational splitting. Coupling these predictions to UltraNest allows
mass, metallicity, age and equatorial rotation velocity to be inferred
jointly, while propagating correlated emulator residuals through the
likelihood.

We tested the framework using synthetic observations derived
from two sources: emulator predictions and held-out grid models.
Observations generated by the emulator are recovered with near-

nominal coverage under matched simulation and inference assump-
tions, which supports the adopted likelihood, covariance construc-
tion and sampler. Tests using held-out grid models reveal a phase-
dependent limitation: age credible intervals can become too narrow,
with the largest recovery failures concentrated at 𝑋c/𝑋0 ≈ 0.77–0.91.
The five Pleiades stars lie outside this interval, at 𝑋c/𝑋0 = 0.963–
0.974.

Applied to five 𝛿 Sct stars in the Pleiades observed by TESS, the
framework gives mutually consistent individual ages. Combining
their marginal age posteriors gives 113.3+4.5

−4.5 Myr (statistical), assum-
ing a common age and independent errors between stars, with metal-
licity fitted separately for each star. This agrees with the 112± 5 Myr
lithium-depletion-boundary estimate, is consistent with the lower end
of its Gaia-relocated determination, and lies at the young end of the
110–160 Myr rotating-isochrone range discussed in Section 4.4.

The quoted statistical interval on the combined age does not in-
clude uncertainty in the adopted input physics or mode identifica-
tions. Separate tests using 100 perturbed/control pairs per input-
physics variation, drawn from an interior subset of the 50–200 Myr
age window, give median absolute age shifts of 2.1, 2.3 and 5.2 Myr
for |Δ 𝑓ov | = 0.005, |Δ𝛼MLT | = 0.1 and |Δ𝑌 | = 0.02, respectively.
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Figure 14. Sensitivity of the Pleiades cluster age to the combination method,
the metallicity prior and the choice of stars. Diamonds mark medians of
the product of the age posteriors of the five Pleiads (Eq. (13)), filled blue
for the adopted fits and open for the fits repeated for a uniform prior over
𝑍 ∈ [0.001, 0.026] with the emulator-error correlations recomputed under
that prior. The circle marks the inverse-variance weighted mean of the five
posterior medians with symmetrised 1𝜎 intervals. Bars above the horizontal
grey line show 1𝜎 statistical intervals, and the shaded band marks the interval
of the adopted product. Below the line, ticks mark the medians of the five
four-star products, each omitting a different star. The grey bar spans their
range; it is not an uncertainty interval. Omitting V624 Tau gives the lowest
median and omitting HD 23325 the highest.
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Figure 15. Input-physics age displacements for the interior-truth population.
Filled circles show the median absolute difference between paired posterior-
median ages, and bars span the 16th to 84th percentiles of these differences.
Open squares show the 90th percentile. Each statistic summarises 100 per-
turbed/control pairs with shared true mass, metallicity, initial rotation rate and
age, and shared selected modes and observational noise. The bars show how
the difference varies from pair to pair. Table D1 gives 95 per cent bootstrap
intervals for the 90th percentiles.

The corresponding 90th percentiles are 6.5, 7.6 and 16.2 Myr. For
the perturbations and synthetic population tested here, these shifts
indicate the sensitivity of the inferred ages to changes in the adopted
input physics. They do not quantify a common bias for the five ob-
served stars or define a probabilistic systematic uncertainty. Paper III
in this series extends the input-physics investigation.

Applying the framework to additional Pleiades members, and to
𝛿 Sct pulsators in other young clusters and associations such as the
Hyades, the Pisces–Eridanus stream and the Cepheus–Hercules com-
plex, could tighten statistical constraints on cluster ages and allow the
framework to be tested across stellar populations of different ages.

The same machinery could be applied to field 𝛿 Sct stars, which
have no cluster age to inherit and whose ages otherwise rest almost
entirely on isochrone placement (Section 1). Nothing in the likeli-

hood requires cluster membership. An informative metallicity prior
is not essential for obtaining constrained posteriors for the five targets
tested here (Appendix E), but its importance for a field star would
need to be assessed for that target. Field-star applications would also
require reliable mode identifications, a broader age prior and separate
calibration across the relevant evolutionary phases.

The Pleiades application demonstrates that neural-network emula-
tion makes inference from individual pulsation frequencies practical
for young 𝛿 Sct stars. For the five stars studied here, the statistical
age uncertainties are approximately 7–16 per cent individually and
4 per cent for the combined cluster age. These results support the
development of asteroseismology as a complementary age estima-
tion method for young intermediate-mass stars. The recovery tests
and input-physics experiments identify limitations that need to be
addressed when applying the method more widely.
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DATA AVAILABILITY

The trained emulator and the inference code are available at the
velociscuti-inference repository. The repository holds the network
weights and the fitted input–output transforms, the per-output emu-
lator uncertainties, the machine-readable mode identification tables
adopted for the five Pleiades stars with their frequencies, amplitudes
and identifications, the covariance matrices entering the likelihood,
the posterior summaries reported here, and notebooks that carry out
the five star fits and the cluster-age combination with the UltraNest
settings of Section 2.3.4. It also holds the held-out grid residuals
from which the emulator covariance is estimated: the subset inside
the priors adopted here, and the complete set of 2.26×106 models. An
interactive web demonstration allows exploration of how predicted
pulsation frequencies vary with stellar parameters. The underlying
stellar pulsation grid is available at Zenodo and the corresponding
mesa and gyre input files at the dSct-model-grid repository, as de-
scribed in Paper I (Gautam et al. 2026).

Software

The stellar models and pulsation frequencies used in this work were
produced with mesa (Paxton et al. 2011, 2013, 2015, 2018, 2019;
Jermyn et al. 2023), gyre (Townsend & Teitler 2013), and storm
(Vanlaer 2026). The analysis used Python and its libraries, such as
NumPy, SciPy, pandas, PyArrow, scikit-learn, Astropy, Lightkurve,
h5py, Matplotlib, seaborn, and corner. Neural-network training and
inference used PyTorch, Lightning, and UltraNest (Buchner 2021).
The iterative frequency extraction code is available at the prewhitener
repository.
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Table A1. Pulsation mode identifications for V624 Tau. The mode type is p
(𝑛 > 0), f (𝑛 = 0), or g (𝑛 < 0, with |𝑛 | the g mode radial order). Frequencies
are from iterative prewhitening of the TESS light curve. Peaks without a secure
identification, and tentative identifications excluded from the fit, are not listed.

ID 𝜈 (d−1) 𝜎𝜈 (d−1) Type 𝑛 ℓ 𝑚

F1 18.8138 4.0 × 10−6 g -2 3 3
F2 20.9829 2.8 × 10−6 f 0 2 -2
F3 21.7921 3.4 × 10−5 p 1 1 0
F4 22.4121 5.4 × 10−5 p 1 1 1
F5 23.1360 1.3 × 10−5 f 0 3 -2
F6 23.8392 7.7 × 10−6 f 0 3 -1
F7 24.4054 8.1 × 10−5 f 0 3 0
F8 25.0142 3.4 × 10−5 f 0 3 1
F9 26.2144 7.8 × 10−6 f 0 3 3
F10 27.4645 6.9 × 10−6 p 2 0 0
F11 32.3818 1.0 × 10−5 p 2 2 1
F12 32.9347 6.7 × 10−6 p 2 2 2
F13 33.2308 4.0 × 10−5 p 3 0 0
F14 33.9521 1.6 × 10−5 p 2 3 0
F15 35.3399 4.0 × 10−6 p 3 1 0
F16 35.7145 2.3 × 10−6 p 2 3 3
F17 35.9687 6.5 × 10−6 p 3 1 1
F18 41.2826 3.8 × 10−5 p 3 3 1
F19 42.2785 4.9 × 10−6 p 4 1 0
F20 42.8191 5.6 × 10−5 p 4 1 1
F21 45.7048 3.5 × 10−6 p 5 0 0
F22 49.2945 2.6 × 10−5 p 5 1 0
F23 52.6961 2.7 × 10−5 p 6 0 0
F24 56.3114 1.4 × 10−5 p 6 1 0
F25 59.6847 2.0 × 10−5 p 7 0 0
F26 63.2327 5.3 × 10−5 p 7 1 0
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APPENDIX A: MODE IDENTIFICATIONS

Tables A1, A2, A3, A4 and A5 list the pulsation modes of V624 Tau,
V647 Tau, V1187 Tau, HD 23157 and HD 23325 that enter the likeli-
hood, with their measured frequencies, 1𝜎 uncertainties, and adopted
(𝑛, ℓ, 𝑚) identifications. These are the revised identifications used for
the posteriors reported in Section 4.3.

APPENDIX B: INFERENCE CONVERGENCE
DIAGNOSTICS

Table B1 lists the sampler diagnostics for the five adopted observed-
star runs. Each used at most 1.1×105 of the 107 permitted likelihood

Table A2. Pulsation mode identifications for V647 Tau. Columns and con-
ventions as in Table A1.

ID 𝜈 (d−1) 𝜎𝜈 (d−1) Type 𝑛 ℓ 𝑚

F1 17.8898 8.2 × 10−4 g -1 2 0
F2 18.6883 7.6 × 10−5 g -1 2 2
F3 20.8493 2.8 × 10−4 p 1 0 0
F4 21.3879 7.7 × 10−4 p 1 1 0
F5 21.9161 2.2 × 10−4 p 1 1 1
F6 23.0985 9.5 × 10−4 f 0 3 -2
F7 23.6541 2.8 × 10−4 f 0 3 -1
F8 25.1444 9.8 × 10−4 f 0 3 2
F9 26.3238 5.0 × 10−5 p 1 2 0
F10 26.7416 2.6 × 10−4 p 2 0 0
F11 27.2628 6.3 × 10−5 p 1 2 2
F12 28.4760 2.4 × 10−4 p 2 1 1
F13 35.0458 9.7 × 10−5 p 3 1 1
F14 41.4605 1.8 × 10−3 p 4 1 0
F15 41.9030 1.3 × 10−3 p 4 1 1
F16 44.9564 6.5 × 10−4 p 5 0 0
F17 48.8321 8.3 × 10−4 p 5 1 1
F18 51.8281 1.6 × 10−3 p 6 0 0
F19 55.2353 1.5 × 10−3 p 6 1 0
F20 58.7158 5.0 × 10−4 p 7 0 0

Table A3. Pulsation mode identifications for V1187 Tau. Columns and con-
ventions as in Table A1.

ID 𝜈 (d−1) 𝜎𝜈 (d−1) Type 𝑛 ℓ 𝑚

F1 19.8146 5.4 × 10−5 g -1 3 -2
F2 20.2863 9.8 × 10−5 g -1 3 -1
F3 20.8101 5.6 × 10−5 g -1 3 0
F4 22.3774 1.3 × 10−4 f 0 2 0
F5 22.8867 5.8 × 10−5 f 0 2 1
F6 23.4807 2.2 × 10−5 f 0 2 2
F7 28.3198 3.2 × 10−5 p 1 3 0
F8 28.7418 1.3 × 10−4 p 2 1 0
F9 29.8289 1.1 × 10−4 p 1 3 3
F10 35.5567 5.5 × 10−5 p 3 1 0
F11 39.5199 3.9 × 10−5 p 4 0 0
F12 42.6028 2.3 × 10−5 p 4 1 0
F13 42.9544 1.4 × 10−5 p 4 1 1
F14 46.1052 1.1 × 10−6 p 5 0 0
F15 49.6752 1.5 × 10−6 p 5 1 0
F16 50.0748 8.8 × 10−5 p 5 1 1
F17 53.1756 1.2 × 10−6 p 6 0 0
F18 56.7051 9.7 × 10−5 p 6 1 0
F19 60.1274 1.4 × 10−4 p 7 0 0
F20 63.6272 4.5 × 10−5 p 7 1 0
F21 64.1060 6.0 × 10−5 p 7 1 1
F22 71.0564 7.6 × 10−5 p 8 1 1

evaluations and returned an effective posterior sample size of 7 739–
11 378 against the 1000 requested (Section 2.3.4). The runs stopped
on logged evidence error-budget estimates of 0.06–0.07, within the
requested dlogz= 0.1, whereas the returned evidence uncertainties
are 0.10–0.15.

The posterior mass at the mass and age prior boundaries is neg-
ligible for every star, and no metallicity posterior approaches the
grid boundary at 𝑍 = 0.026. All five metallicity posteriors do, how-
ever, sit 1.3–2.1𝜎 above the mean of the truncated cluster prior, with
V647 Tau (2.1𝜎) and HD 23157 (1.9𝜎) the furthest into the upper
tail.
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Figure A1. Geometric (disc-integrated) visibility of the rotationally split 𝑚-components of a non-radial mode as a function of stellar inclination 𝑖, for degrees
ℓ = 1, 2 and 3. Each curve is the relative visibility 𝑉ℓ𝑚 (𝑖) = (ℓ−|𝑚|) !

(ℓ+|𝑚|) !
[
𝑃

|𝑚|
ℓ

(cos 𝑖)
]2 (the power with which an (ℓ, 𝑚) component appears in disc-integrated

light).

Table A4. Pulsation mode identifications for HD 23157. Columns and con-
ventions as in Table A1. Rows F1–F19 enter the likelihood. Rows X1–X3
carry tentative identifications but are excluded from the fit on the criterion of
Section 4.2.

ID 𝜈 (d−1) 𝜎𝜈 (d−1) Type 𝑛 ℓ 𝑚

F1 17.0396 4.6 × 10−6 g -1 2 -2
F2 18.0193 1.5 × 10−5 g -1 3 -3
F3 19.8487 3.7 × 10−5 g -1 3 -1
F4 20.2604 2.0 × 10−5 g -1 2 2
F5 20.9993 7.9 × 10−5 p 1 0 0
F6 21.7700 6.8 × 10−6 g -1 3 1
F7 23.7355 6.8 × 10−6 g -1 3 3
F8 30.7211 5.7 × 10−5 p 2 2 -1
F9 31.1198 9.4 × 10−5 p 1 3 3
F10 31.6371 8.2 × 10−6 p 2 2 0
F11 32.4577 2.3 × 10−6 p 2 2 1
F12 32.6255 5.7 × 10−5 p 2 3 -1
F13 34.5188 8.3 × 10−5 p 2 3 1
F14 35.4320 6.6 × 10−6 p 2 3 2
F15 38.1879 2.1 × 10−5 p 3 3 -2
F16 38.5349 4.7 × 10−6 p 3 2 1
F17 41.5404 6.1 × 10−5 p 4 1 0
F18 45.2712 9.3 × 10−5 p 5 0 0
F19 55.2495 8.1 × 10−5 p 6 1 0

X1 18.6872 2.9 × 10−5 g -1 2 0
X2 27.0943 4.1 × 10−5 p 2 0 0
X3 52.0799 2.0 × 10−5 p 6 0 0

APPENDIX C: EVOLUTIONARY DEPENDENCE OF
RECOVERY FAILURES

The target-level diagnostics in Figs. C1 and C2 show that the age-
recovery failures summarised in Section 3.2.2 concentrate at 0.77 ≤
𝑋c/𝑋0 ≤ 0.91. This window contains 19 per cent of the targets and
80 per cent of the 30 age outliers. Of these outliers, 29 already exceed
|𝑧𝜏 | = 3 without observational noise and remain outliers in all three
noisy fits. The hare and noisy-hare age-residual standard deviations
agree to two decimal places.

Figure C2 shows this dependence on evolutionary phase. Above
𝑋c/𝑋0 ≈ 0.95, effectively all 139 targets recover the true age within
1𝜎, with no age outliers. This coverage falls to 0.27 in the failure
window, where the largest standardised residuals occur near 𝑋c/𝑋0 ≈

Table A5. Pulsation mode identifications for HD 23325. Columns and con-
ventions as in Table A1.

ID 𝜈 (d−1) 𝜎𝜈 (d−1) Type 𝑛 ℓ 𝑚

F1 15.5820 8.2 × 10−5 g -2 2 2
F2 16.4889 4.5 × 10−5 g -1 2 -2
F3 18.2959 1.7 × 10−5 g -1 2 0
F4 21.2336 5.3 × 10−5 p 1 0 0
F5 21.7128 8.4 × 10−6 p 1 1 0
F6 28.2180 2.3 × 10−5 p 2 1 0
F7 29.5025 6.2 × 10−6 p 2 1 1
F8 36.1510 4.7 × 10−6 p 3 1 1
F9 38.9946 2.0 × 10−5 p 4 0 0
F10 41.8485 1.9 × 10−5 p 4 1 0
F11 43.0157 8.0 × 10−5 p 4 1 1
F12 45.2805 6.1 × 10−5 p 5 0 0
F13 49.8427 4.9 × 10−5 p 5 1 1
F14 52.2196 2.1 × 10−5 p 6 0 0
F15 59.0195 1.0 × 10−4 p 7 0 0
F16 65.8040 6.8 × 10−5 p 8 0 0

Table B1. Convergence diagnostics of the five adopted runs: total likelihood
evaluations 𝑁call, sampler iterations 𝑁iter, and the effective posterior sample
size 𝑁eff .

Star 𝑁call 𝑁iter 𝑁eff

V624 Tau 100 229 43 021 9 918
V647 Tau 113 974 36 269 8 247
V1187 Tau 85 433 29 688 7 739
HD 23157 113 916 49 009 11 378
HD 23325 109 110 42 540 10 435

0.85. Below 𝑋c/𝑋0 ≈ 0.65, coverage is 0.78, although some failures
persist.

The emulator errors also vary with phase. The g and f mode errors
peak near 𝑋c/𝑋0 = 0.89 and 0.82, respectively, at roughly 𝜎̂model,
while p-mode errors remain near 0.07 𝜎̂model. The later p-mode peak,
near 𝑋c/𝑋0 = 0.5, accounts for the residual failures at more evolved
phases. The failure window coincides with avoided crossings be-
tween the low-order g and f modes and p modes. Along the grid
tracks, we compare modes of the same spherical degree ℓ. For both

MNRAS 000, 1–26 (YYYY)
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Figure C1. Standardised residuals for hares and noisy hares, with one row per parameter. Each tick shows one fit. Each target’s four fits (one noiseless and three
noisy) share the same horizontal position, with alternating shades distinguishing neighbouring targets. Targets are ordered by true age. Solid and dashed lines
mark 𝑧 = 0 and 𝑧 = ±1. Residuals beyond |𝑧 | = 4 are marked at the upper or lower edge and counted in each panel. Histograms on the right show the residual
distributions, with dotted curves showing a standard normal distribution.
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Figure C2. Evolutionary dependence of age recovery for hares and noisy hares. (a) Median absolute age error against median posterior standard deviation,
coloured by age band. (b) Fraction of main-sequence targets with |𝑧𝜏 | > 3 versus the fraction of initial central hydrogen remaining, 𝑋c/𝑋0. Error bars show
1𝜎 intervals, numbers above the points give the targets per bin, and the dashed line marks the mean (0.076). (c) Median |𝑧𝜏 | versus 𝑋c/𝑋0. The dashed line at
0.674 is the median |𝑧 | for a standard normal distribution. Panels (a) and (c) show one point per target, with medians taken over its four fits. Shading marks the
failure window, 0.77 ≤ 𝑋c/𝑋0 ≤ 0.91. Evolution proceeds from high to low 𝑋c/𝑋0 in (b) and (c).

ℓ = 2 and ℓ = 3, the frequency gaps between the 𝑛pg = −1 g mode
and the f mode, and between the f mode and the 𝑛 = 1 p mode, reach
local minima of 0.38–0.45Δ𝜈 at 𝑋c/𝑋0 = 0.75–0.82. These gaps
widen again on either side of the minima. For ℓ = 1, the gap between
the 𝑛pg = −1 g mode and the 𝑛 = 1 p mode reaches its minimum
later in evolution, at 𝑋c/𝑋0 = 0.68–0.70. This is consistent with
higher-degree g modes reaching the p mode frequency range earlier
(Gautam et al. 2026). We therefore attribute the localised miscalibra-
tion to mixed-mode behaviour at these crossings. It is correctable in
principle, but no correction is attempted here.

Age and metallicity errors are anti-correlated, consistent with the
𝜏–𝑍 degeneracy. For the 30 selected outliers, noiseless-hare posterior
means give 17 older, more metal-poor solutions and 13 younger, more
metal-rich solutions.

The 30 outliers use 28 different sets of fitted modes. Each of these
mode sets is also used for two or three successfully recovered targets.
Within the failure window, both outliers and recovered targets contain
f and g modes, with no detectable differences in median f- and g-
mode frequencies relative to Δ𝜈, frequency uncertainties or injected
perturbations.

Together with the noiseless failures, these results show that injected
noise, any individual mode or any particular set of fitted modes is
insufficient to explain the failures; evolutionary phase remains the
dominant shared property. The physical age errors remain modest
despite the large standardised residuals. Table C1 gives the age-band
breakdown. After averaging each target’s four posterior means, all
30 selected outliers lie within 6.7 per cent of their true ages.

APPENDIX D: INPUT-PHYSICS DISPLACEMENT
MEASUREMENTS

This appendix gives the configuration, target selection and calibration
checks behind Section 4.5. Within a pair the mass, metallicity, age,
initial rotation rate, selected modes and observational-noise draw are
identical, and only the evolved equatorial velocity can differ. Pair-

ing cancels the error common to the two fits, while any differential
emulator or fitting error remains.

Each parameter was tested with 100 pairs, each assigned a pos-
itive or negative perturbation and one shared noise realisation.
Both members satisfy 1.5 ≤ 𝑀/M⊙ ≤ 2.3, 0.005 ≤ 𝑍 ≤ 0.022
and 20 ≤ 𝑣eq ≤ 120 km s−1. The sampled metallicities are 𝑍 =

0.005, 0.010, 0.015, 0.020, and the true ages span 65–185 Myr. These
cuts keep the synthetic inputs inside the model domain; the fits retain
the broader priors specified below.

The reference grid uses 𝑓ov = 0.017, 𝛼MLT = 1.9 and 𝑌ref (𝑍) =

0.28 + 1.4(𝑍 − 0.0142), rounded to four decimal places. Here, 0.28
is the adopted initial-helium mass fraction at the adopted bulk-solar
metallicity 𝑍⊙,bulk = 0.0142 (Asplund et al. 2009). The modified
grids vary one parameter by the amounts in Table D1.

The fits used the emulator of Section 2.2 with the same per-mode
error scales 𝜎̂model as the observed-star fits, and the inference frame-
work of Section 2.3. The frequency-error covariance was estimated
from 106 emulator samples using test and validation residuals within
the prior limits, with shrinkage fixed at 0.1 and no added frequency-
error floor. Each fit used 1000 live points, a stopping tolerance
Δ ln 𝑍 = 0.1 and at most 107 likelihood evaluations. All 600 fits
satisfied the numerical convergence criteria without reaching this
limit.

The priors are uniform over 50–200 Myr in age, 1.4–2.5 M⊙ in
mass and 0–200 km s−1 in equatorial velocity. The metallicity prior is
Gaussian, centred on the true 𝑍 , with 𝜎𝑍 = 𝑍 ln(10)

√
0.022 + 0.052

and truncated to 0.001 ≤ 𝑍 ≤ 0.026. The covariance estimation and
metallicity priors are therefore specified separately from those of the
five observed-star fits.

D1 Parameter shifts and age coverage

Table D1 reports absolute age displacements, |Δ𝜏 |. Their 90th per-
centiles are 3.1–3.3 times their medians (Fig. 15). Age shifts can have
either sign even for a fixed perturbation sign. These statistics depend
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Table C1. Absolute age errors after averaging each target’s one noiseless-hare and three noisy-hare posterior means, |Δ𝜏 | = |𝜏inferred − 𝜏true |. Errors are in Myr
except for the final column, which gives the relative age error ranges for the outliers.

Age band
(Myr)

All targets
median (90th percentile)

Number of
age outliers

Age outliers
median (full range)

Relative age error
range (per cent)

1–50 0.005 (0.061) 0 – –
50–200 1.9 (4.5) 5 7.54 (4.80–8.52) 2.72–6.69
200–500 3.5 (9.6) 21 8.52 (3.95–27.50) 1.44–6.38
500–1500 1.7 (6.0) 4 12.71 (9.15–13.19) 1.07–2.02

on the selected stars and mode sets; they do not define a common age
correction or a systematic uncertainty for the five Pleiades stars.

Mass and metallicity move predominantly in one direction once
the sign of the helium offset is fixed, with the signed displacement
taken between posterior means. At Δ𝑌 = +0.02, mass increases
in 44 of 49 pairs and metallicity decreases in 44 of 49; at Δ𝑌 =

−0.02, mass decreases in 44 of 51 and metallicity increases in 50 of
51. The positive-offset median displacements are +0.0258 M⊙ and
−2.99 × 10−4 in 𝑍 . Dividing each pair’s signed displacement by
the perturbed fit’s posterior standard deviation gives median ratios
of +5.1 for mass and −1.6 for metallicity. These ratios measure
displacement against the fitted width; they are not significances from
a calibrated sampling distribution.

Across the three perturbations, the central 68 and 95 per cent age
intervals of the control fits contain the injected age in 249 and 270
of 300 cases. Those cases sample 117 distinct evolutionary tracks,
some appearing in more than one perturbation, and resampling whole
tracks rather than individual fits gives 95 per cent intervals of 77.7–
87.9 and 85.9–93.7 per cent for the two fractions. The 68 per cent
intervals therefore contain the truth more often than they should,
while the 95 per cent intervals still contain it too rarely.

Coverage also varies with mass. Both interval levels contain the
truth in all 114 controls with 1.50 ≤ 𝑀/M⊙ ≤ 1.75, compared with
48 and 61 of 85 controls above 2.00 M⊙ . The median age posterior
standard deviation falls from 9.16 to 1.96 Myr between these subsets.
These subsets were chosen after the fits and are descriptive; they do
not provide a separate calibration of the five Pleiades stars. Table D1
gives coverage for each perturbation.

Figure D1 shows how the age displacements vary across the sam-
ple, and Figs. D2 and D3 show single |Δ𝑌 | = 0.02 pairs selected near
the population median and 90th percentile. The two pairs illustrate
those responses; the quantiles themselves come from all 100 helium
pairs.

APPENDIX E: SENSITIVITY TO THE METALLICITY
PRIOR

Table E1 compares all four fitted parameters under the adopted
Soderblom metallicity prior and a uniform prior over 𝑍 ∈
[0.001, 0.026]. Both cases retain the [50, 200] Myr age prior. For
the uniform prior fits, we recomputed the emulator error correla-
tions while retaining the global diagonal error scales and all other fit
settings. The cluster row gives the product of the five marginal age
posteriors evaluated as in Section 4.4, with metallicity independent
for each star.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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Figure D1. Absolute paired age displacement versus injected age for each input-physics perturbation. All 100 pairs per panel are shown. Colour denotes true
mass; upward and downward triangles distinguish positive and negative input-physics offsets. Dashed horizontal lines mark the population median in each panel.
Axes are shared across panels, and no outliers are removed.

Table D1. Input-physics age displacements in the interior-truth population: 600 fits, with one observational-noise draw per perturbed/control pair. The median
and 90th percentile summarise the absolute difference in posterior-median age over 𝑁 pairs. Values in parentheses are 95 per cent bootstrap intervals of the 90th
percentile from 20 000 resamplings of the 𝑁 pairs with replacement. Coverage entries give the number of central 68 and 95 per cent age intervals containing the
injected truth, each out of 100.

Perturbation Size 𝑁 pairs median |Δ𝜏 | [Myr] 𝑝90 [Myr] Control 68/95 Perturbed 68/95

Convective-core overshooting Δ 𝑓ov = ±0.005 100 2.1 6.5 (5.1–10.3) 84/90 80/86
Mixing length Δ𝛼MLT = ±0.1 100 2.3 7.6 (6.2–9.3) 79/87 72/83
Initial helium Δ𝑌 = ±0.02 100 5.2 16.2 (11.7–21.4) 86/93 56/79

Table E1. Sensitivity of the five-star inference to the metallicity prior. In the two fit groups, entries are posterior medians with asymmetric 1𝜎 (16th–84th-
percentile) uncertainties; the metallicity columns give 103𝑍 . The last four columns give each flat-prior median minus the corresponding Soderblom-prior
median, computed from unrounded values.

Soderblom 𝑍 prior fit Flat 𝑍 prior fit Flat − Soderblom

Star Age 103𝑍 𝑀 𝑣eq Age 103𝑍 𝑀 𝑣eq Δ𝜏 103Δ𝑍 Δ𝑀 Δ𝑣eq

(Myr) (M⊙) (km s−1) (Myr) (M⊙) (km s−1) (Myr) (M⊙) (km s−1)

V624 Tau 116.9+7.7
−8.2 17.87+0.17

−0.17 1.696+0.005
−0.005 48.1+0.2

−0.2 110.9+9.9
−10.4 17.92+0.22

−0.21 1.690+0.006
−0.006 48.1+0.2

−0.2 −6.0 +0.04 −0.007 0.0

V647 Tau 113.7+9.3
−9.6 19.23+0.22

−0.22 1.721+0.006
−0.006 40.3+0.2

−0.2 110.2+12.2
−13.2 19.41+0.29

−0.30 1.719+0.007
−0.007 40.4+0.3

−0.3 −3.5 +0.18 −0.003 +0.1

V1187 Tau 112.6+17.5
−17.4 17.73+0.31

−0.35 1.665+0.011
−0.010 40.4+0.3

−0.3 107.7+21.9
−21.7 17.76+0.39

−0.43 1.663+0.013
−0.013 40.7+0.3

−0.3 −4.9 +0.03 −0.002 +0.3

HD 23157 114.6+13.8
−12.2 18.88+0.14

−0.16 1.514+0.007
−0.006 76.7+0.2

−0.2 112.3+14.9
−13.6 18.86+0.14

−0.16 1.514+0.008
−0.006 76.6+0.3

−0.2 −2.4 −0.02 −0.001 −0.2

HD 23325 107.0+9.3
−10.6 18.06+0.18

−0.17 1.639+0.008
−0.009 89.1+0.4

−0.5 99.5+12.0
−13.4 18.20+0.21

−0.21 1.629+0.010
−0.010 89.3+0.5

−0.5 −7.6 +0.14 −0.010 +0.2

Cluster 113.3+4.5
−4.5 — — — 108.5+5.5

−5.7 — — — −4.9 — — —
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Figure D2. Helium-response illustration selected near the median of the
original 100-pair |Δ𝑌 | = 0.02 population. This pair has a displacement of
5.190 Myr, compared with the population median of 5.166 Myr. Its truth
parameters are 𝑀 = 1.90 M⊙ , 𝑍 = 0.020 and 𝜏 = 138.266 Myr; the evolved
equatorial velocities are 86.776 km s−1 for the control and 85.145 km s−1 for
Δ𝑌 = −0.02. Blue solid curves show five control fits and orange dashed curves
their five paired perturbed fits. The paired posterior-mean age differences span
5.066–5.180 Myr. Crosses and open circles mark the control and perturbed
truths, which coincide in mass, metallicity and age.
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Figure D3. Upper-tail helium-response illustration for the eligible pair closest
to the linearly interpolated 90th percentile of the original 100-pair |Δ𝑌 | =
0.02 population. This pair’s posterior median age displacement is 15.972 Myr,
compared with the population 90th percentile of 16.156 Myr. The original
control and perturbed fits have truths 𝑀 = 1.60 M⊙ , 𝑍 = 0.020 and 𝜏 =

114.873 Myr, with evolved equatorial velocities of 50.232 and 49.030 km s−1,
respectively. Blue solid and orange dashed curves show the control and Δ𝑌 =

−0.02 fits. Crosses and open circles mark the control and perturbed truths,
which coincide in mass, metallicity and age.
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